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Abstract 

This article introduces a certain class of stochastic processes, which we suggest to call mild Ito processes, 
and a new - somehow mild - Ito type formula for such processes. Examples of mild Ito processes are mild 
solutions of stochastic partial differential equations (SPDEs) and their numerical approximation processes. 
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1 Introduction 

The following setting is considered in this introductory section. Let {H,\\-\\^ ,{■,■) j^), {U,\\■\\^ , {■ , ■)^) and 
(^j W'Wv ' separable real Hilbert spaces, let {il,T,P) be a probability space with a normal filtration 

{J-'t)t£[o,oo), let (Wt)tg[o.oo) be a cyhndrical standard (J"t)tg[o.oo)-Wiener process on U, let A: D{A) <Z H ^ H 
be a generator of an analytic semigroup and let a G (—1,0], (3 e (— ^,0], 77 € [0, 00) be real numbers such 
that rj — A \s bijective and positive. Moreover, to simplify the notation define := ||(?7 — for all 

V e Hr := D({'q - Af) and all r e R and let F : H ^ and B : H ^ HS{U,Hfi) be globally Lipschitz 
continuous functions and let X: [0,00) x 17 — > H be an adapted stochastic process with continuous sample 
paths satisfying supggjp.t] I^[ll^s||fl-] < 00 and 

Xt = e^*Xo + /* e^^'-'^F{Xs) ds + f e^^'-'^B{Xs) dWs (1) 
Jo Jo 
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P-a.s. for all t,p G [0,oo). The stochastic process X : [0, oo) x £7 — > is thus a mild solution of the stochastic 
partial differential equation (SPDE) ^ (SPDEs have been extremely intensively studied in the last decades; 
see, e.g., the books [naiSIllMll^lIIllIlllllIllMlinillllland lecture notes [TOSl HZl EZl iOl [D HI HO] and 

the references therein). A simple example of this framework is the following setting: li H = U — L^{{0, 
is the Hilbert space of equivalence classes of Lebesgue square integrable functions, if A: D{A) C H ^ H is 
the Laplacian with Dirichlet boundary conditions on (0,1) and if [F{v)){x) = f{x,v{x)) and [B{v)u){x) = 
f{x, v{x)) ■ u{x) for all x S (0, 1), u,v £ H where /, 6: (0, 1) x M — >■ R are continuously differentiable functions 
with globally bounded derivatives, then the above framework is fulfilled with a = rj = and /3 G ^^'^ 
O reduces to the SPDE 

dXtix) = [-^Xt{x) + f{x,Xt{x))\ dt + b{x,Xt{x))dWt{x) (2) 

with Xt{0) = Xt{l) = for a; e (0, 1) and t e [0,oo). Further examples of the above described framework and 
existence and uniqueness results for ([Ij can, e.g., be found in Da Prato & Zabczyk [3TJ[52], Brzezniak [S] (see 
Theorem 4.3 in [Si), Van Neerven, Veraar & Weis [103] (see Theorem 6.2 and Section 10 in |103| ) and in the 
references therein. 

Our aim is to derive an Ito type formula for the solution process X of the SPDE ([1]) . Let us briefly review 
some related Ito type formula results from the literature. First, note that if a = /3 = and if the mild solution 
process X of the SPDE ^ is also a -D(A)-valued strong solution of the SPDE ((TJ, then the standard Ito formula 
(see Ito [IH]) in infinite dimensions can be applied to X. More precisely, in that case. Theorem 2.4 in Brzezniak, 
Van Neerven, Veraar & Weis (31 implies 

<f{Xt)=v{Xt„)+ [ <f'{Xs)[AXs+F{Xs)]ds+ [ ^'{X,)B{Xs)dWs 



1 /•* 

-J2 / ^"iXs){B{X,)g,,BiXs)g,)ds 



P-a.s. for all tg, t £ [0, oo) with to < t and all twice continuously Frechet differentiable functions (p e C^{H, V) 
where is a set and {gj)jej C J7 is an arbitrary orthonormal basis of U. The case where X is not £'(^)-valued 
and thus not a strong solution of ([T]) is more subtle. There are a few results in the literature in this direction. 
First, in the case a > — ^ and /3 — (i.e., B maps from H to HS{U, H)), in the case where A: D{A) <Z H ^ H 
is self-adjoined and in the case of the special test function (p{v) — for all v £ H , ^ can be generalized 

and then reads as 

\\XtfH^\\Xt£H + 2 j {X,,AXs)Hds + 2 f {X,,F{X,))j,ds + 2 f {X,, B{X,) dW^) ^ 

Jto Jto Jto 

\B{Xs)fHS{U,H) 



to 



P-a.s. for all to, t e [0, oo) with to < t; see Pardoux's pioneering work [551IHS1IHI] and see, e.g., also [551 [551 [551 1551 
[551 [511 [50] for generalizations and reviews of this Ito formula for the squared norm (the above mentioned results 
from the literature consider slightly different frameworks and, in particular, often allow A to be nonlinear too). 
Note that in that case X enjoys values in H1/2 — D(^{r] — A)^/^) (see Theorem 4.2 in Kruse & Larsson [66] ) 
and therefore, the integral J* {Xs,AXs)fjds := rj /J ||Xs||^(is — \\{r] — A)^ Xs\\% ds in ^ is well defined. 
Formula (Uj) is a crucial ingredient in the variational approach for SPDEs (see the monographs [571 [551 [551 1 9 Oj V 
Formula is an Ito formula for possibly non-strong solutions of SPDEs in the case of the special test function 
ll'llj:^. There are also a few results in the literature which establish Ito type formulas for possible non-strong 
solutions of SPDEs for more general test functions than the squared norm ||-||^; see [551 1 llOi [551 [551 [7^ [75] . In 
Theorem 5.1 in Pardoux [55J, formula is generalized to a special class of test functions which have similar 
topological properties as the function ||-||^. In Zambotti [110] . the standard Ito formula is applied to regularized 
versions of the solution process of the stochastic heat equation with additive noise and then the limit of these 
regularized Ito formulas is made sense through a suitable renormalization term that appears in the resulting 
formula. In Gradinaru, Nourdin & Tindel [33] , Malliavin calculus and a Skorokhod integral is used to prove an 
Ito type formula for the solution of the stochastic heat equation with additive noise (see also Leon & Tindel [72] 
for a related Ito formula result for the stochastic heat equation with additive fractional noise). In Lanconelli [69) , 
a Wick product is used to formulate an Ito type formula for the solution process of the stochastic heat equation 
with additive noise and the relation between the formulas in [1101 133] is analyzed (see Section 3 in [69 and 
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see also Lanconelli [70] for some consequences of this Wick produckt Ito type formula for the stochastic heat 
equation with additive noise). 

In general it is not clear how and whether can be generalized to the case where X : [0, oo) x il iJ is 
not a D(A)-valued strong solution of ((Ij. This article suggests a different approach for deriving an Ito formula 
for solutions of (H]). We do not aim for a suitable generalization of to the case of non-strong solutions but 
instead we suggest a somehow different Ito type formula for ([1]) which naturally holds for (jlj in its full generality 
for all smooth test functions. More precisely, we establish in Corollary [2] in Subsection 13.21 below the identity 

^{Xt) = v{e^^'-'«'>Xt„) + f ^'{e^^'-'^Xs) e^^'-'^F{Xs) ds + f ^' {e^^'^'^ X^) e^^'-'^B{Xs) dWs 
+ / ^"ie^^'-^^X,)(e^^'-^^BiX,)g,,e^^''^^BiX,)g,)ds 

P-a.s. for all t^^t G [0,oo) with tg t and all (p G ^r<Tain{a+i, 0+1/2) 

C^{Hr,V) D C^iH,V). Corollary also 
ensures that all terms in ((S]) are well defined (see ([5ni) " ([5^ in Subsection 13.21) . In the case of ©, natural 
examples for the test functions (p G ^r<niin(a+i,i3+i/2)C^{Hr,V) in ([5]) are Nemytskii operators and nonlinear 

integral operators such as Hr 3 v t-^ i'ix, v{x)) da; € R for any < r < min(Q; + 1, (3 + 1/2) and any smooth 
function -0: (0,l)xR— with globally bounded derivatives. In the special case ip — idn ■ H3v^v€H = V, 
equation ([5]) reduces to the variant of constants formula (HJ and in that sense, ([5]) is somehow a mild ltd formula. 
In the deterministic case B = 0, equation ([S]) is somehow a mild chain rule; see Example [2] in Section [2.21 below 
for more details. The identity ([5]) can be generalized to a much larger class of stochastic processes than 
solution processes of the SPDE ([1]). To be more precise, in Definition [T] in Subsection 12.11 a class of stochastic 
processes which exhibit a similar algebraic structure as ([T]) is introduced and referred as mild ltd processes. 
Examples of mild Ito processes are solution processes of SPDEs such as ^ (see Subsection l3.2p as well as their 
numerical approximation processes (see Subsection l3.3l) . The identity ^ is then a special case of equation ([^ 
in Theorem [T] below in which a mild Ito formula for mild Ito processes is established. 

Let us outline how ^ and Theorem [T] respectively are established. A central idea in the proof of (O 
is to consider a suitable transformation of the solution process X : [0,oo) x ft H of the SPDE ((IJ. The 
transformed stochastic process is then a standard Ito process to which the standard Ito formula (see (jSj) can be 
applied. Relating then the transformed stochastic process in an appropriate way to the original solution process 
X : [0, 00) X r2 — > i7 of the SPDE ([T]) finally results in the mild Ito formula ([5]). Two types of transformations are 
well suited for this job. One possibility is, roughly speaking, to multiply the solution process X of the SPDE ([T]) 
by e~^*, t e [0,00), where e""^*, t G [0, 00), has to be understood in an appropriate large Hilbert space (see 
Subsection 12.21 below for details). In that sense the transformed stochastic process becomes rougher than the 
solution process X of the SPDE ([T]). This transformation has been suggested in Teichmann [101' and Filipovic, 
Tappe & Teichmann [3T] (see also Hausenblas & Seidler (321 HS])- The other possible transformation goes into 
the other direction and, roughly speaking, consists of multiplying the solution process X of the SPDE ([IJ by 
gA(T-t)^ t G [OiT^li for some large value T G (0,oo). This transformation is based on an idea in Conus & 
Dalang [IB] and Conus [IS] (see also Debussche & Printems [22j, Lindner & Schilling [73] and Kovacs, Larsson 
& Lindgren [62]). The second transformation, which makes the transformed process smoother than the solution 
process X of the SPDE ([IJ, turns out to be more fiexible and allows us to prove Theorem [T] in its full generality. 
For more details on the proofs of ([5j and Theorem [T] respectively, the reader is referred to Subsection 12 . 21 below. 

In the remainder of this introductory section, a few consequences of the mild Ito formula ([S]) and its gen- 
eralization in Theorem [T] are illustrated. For this let X^ : [0, 00) x 51 — > H, x G i?, be a family of adapted 
stochastic processes with continuous sample paths satisfying Xt = e^*'x + e"^^-*~^^ F{X^) ds + B{Xf) dWg 
P-a.s. for all t G [0, 00) and all a: G iJ (see, e.g.. Theorem 4.3 in Brzezniak [S] or Theorem 6.2 in Van Neerven, 
Veraar & Weis [103] for the up to indistinguishability unqiue existence of such processes). Then for every 
r G ( — cx),min(a; -|- l,/3 -|- 1/2)) and every at most polynomially growing continuous function G C{Hr, V) 
define the continuous function u^: [0,oo) x Hr ^ V through u^{t,x) := E[ip{Xf)] for all {t,x) G [0, 00) x Hr. 
Under the assumption that a = /3 = and that F and B are three times continuously Frechet differentiable 
with globally bounded derivatives, the functions u^: [0, 00) x H ^ V, ip: H ^ V twice continuous Frechet 
differentiable with globally bounded derivatives, are strict solutions of the infinite dimensional Kolmogorov 
partial differential equation (PDE) ■^u^{t,x) — {Lu^){t, x) with u^(0,x) — p>{x) for {t^x) G (0,oo) x Hi where 
L: C^iH, V) C{Hi,V) is defined through 

(L(^)(x) \tv({B{x))\"{x) B{x)) + p>'{x) [Ax + F{x)] (6) 

for all X e Hi ^ D{A) and aU ip G C^{H,V) (see Theorem 7.5.1 in Da Prato & Zabczyk ^). Infinite 
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dimensional Kolmogorov equation have been intensively investigated in the last two decades (see, e.g., the 
monographs [7S1 [T31 UHl US] and articles |1091 IMl IMl and the references mentioned therein). We prove here 
that the functions : [0, oo) x H V, (p sufficiently smooth, also solve another kind of Kolmogorov equation. 
More precisely, from (O we derive in Subsection 13.2.21 below (see (fTO)) ) the identity 



(7) 



for all (t, x) G (0, oo) x H and all ip G Ur<min(a+i./3+i/2)C'^ (Hr, V) with at most polynomially growing derivatives 
where Lt : Ur<min(a+ 
through 



1.^+1/2) C^iHr, V) — > C{H, V), t e (0, oo), is a family of bounded linear operators defined 



{Ltip){x) iTr((e'^'B(x))V"(e^*a;)e^*B(a;)) + ip' {e^' x) e"^' F (x) 



(8) 



for all X G H, (p ^ ^r<niin(a+i,i3+i/2)C'^{Hr,V), t G (0,oo). Equation ([7]) is somehow a mild Kolmogorov 
backward equation. From ((T]) we derive new regularity properties of solutions of second-order PDEs in Hilbert 
spaces. More precisely, using ([7]) we establish in Theorem[5]below the existence of real numbers cs^p^q^r S [0, oo), 
S,p^q,T G [0,oo), such that the regularity estimate 



\\u^{t, x) 



sup 

xeHA{l + \\x\\H,) 



(■7+2) 



(9) 



l,/3 -I- \)) where 



lL(2)(ffp.v) 



holds for all t G (0,r], p G C^iHpX) with sup^g^^ — (i+n^y^^). 



< oo, q,S,T E [0, oo), p G [0,min(c 



sup 

xGHs 



\ip{e'^*x)\ 



(9+2) 



+ / (t-s 



min((5— p,0) 



sup 

xeH„ 



L(H^,V) 



(9+1) 



ds 



(10) 



for all p G C^{Hp, V) with sup^gj:^^ ^^"^ (i+||^||j^'"r'^' < oo, t,q,S £ [0, oo), p G [0, min(Q! + 1,(3 + i)) and where 

Kt: C{Hi,V) C{H,V), t G (0,oo), is defined through {Ktip){x) = pie^^x) for al\x e H,t e (0,oo). The 
constants cs^p^q^x, S,p,q,T G [0,oo), appearing in ([9]) are described explicitly in Theorem [2] below. Next a 
direct consequence of the regularity estimate © is presented. For this let {C1^p{H,R),\\■\\(J2 (^r)) be the 

real Banach space of all twice continuously differentiable globally Lipschitz continuous real valued functions on 
H with globally Lipschitz continuous derivatives (see ([^^ in Subsection 13.11 for details). Moreover, for every 
t G (0,oo) let {Qt{H,'U.),\\-\\g^^fj g^) be the completion of the normed real vector space (C£^p(iJ,R), ||-|j('g). 
Then consider the mapping X: {p: B{H) — > [0, 1] probability measure: / \\x\\h p{dx) < oo} — > (C£jp(i/, M))' 
given by (X(/i))((^) = J p{x) p{dx) for all Lp G C£jp(i/, M) and all probability measures p: B{H) — >■ [0, 1] with 
/ \\x\\h p{dx) < oo. Lemma [S] below proves that T is injective, that is, I embeds the probability measures with 
finite first absolute moments into linear forms on C£ (if , M) . Next note that I(Pxt) G (C£jp(i/, M))' for all 
t G [0, oo) where [A] — P[Xt G A] for all A G B[H), t G [0, oo) are the probability measures of the solution 
processXt,i G [O,oo),ofthe SPDE From ([9]) we then infer for every t G (0,oo) that Z(PxJ G (C£,p(ii, M))' 
is not only in (C£,p(iJ, R))' but in the smaller space {GtiH, M))' too (the embedding {Gti^H, R))' C {Cl^p{H, M))' 
continuously is proved in Lemma[S] below). We thus have established more regularity of the probability measures 
Fxt,te (0,oo), of the solution process of the SPDE H]). 

Another application of the regularity estimate ^ and the mild Kolmogorov backward equation ([7]) is the 
analysis of continuity properties of solutions of second-order PDEs in Hilbert spaces (see, e.g., the books 
[78l[T3l[23l[T9]). More precisely. Corollary [7] in Section [333] below proves that there exist real number Cr,s.p,T & 
[0, oo), r, d,p,T G [0, oo), such that 



\u^{ti,Xi) - U^{t2,X2)\\y < 



Cr.S.p.T (1+I|a;i|lk + Ib2||?f J ||¥'||c2 („ V) 



|min(ti,t2)|" 



x(r+p-i,0) 



\tl-t2\ 



(11) 



for all ti,t2 G (0,r], xi,X2 G D{{-AY), tp G Cl^p{Hp,V), r G [0, 1 + a - p) D [0, 1 + 2/3 ~ 2p), 5,T e [0,oo), 
p G [0, min(a + 1, (3 + \)). Inequality ([TT]) thus proves Holder continuity of the solutions : [0, oo) x H ^V, 
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(/? S Cl^p{H,V), of second-order Kolmogorov PDEs in infinite dimensions. In particular, in the case of the 
example SPDE inequality ([TT|) ensures that 



sup 

ti,«2e[o,T] 

tl<t2 




\tl-t2\^ 



< CO 



(12) 



for aU If e Cl^p{H,V), T e (0,oo) and aU r £ [0, 5). Results in the literature imply that dH]) holds for ah 



r S [0, |]. More formally, in the case of the SPDE ([2|), we get from the global Lipschitz continuity of ip that 



sup 

ti,t26[0,T] 

tl<t2 



1*1-^2!^ 



< 



sup 

x,y£H 



■v(y)\\v 
vWh 



sup 

ti,t2G[0,T] 

tl<*2 



itirE[iix,,-x,j|g] 



(13) 



for all Lp e Cj^^p{H, V), T e (0, 00) and all r € [0, j] where the second factor on the right hand side of (|T3)) is finite 
due to Theorem 6.3 in Van Neerven, Veraar & Weiss |103j for the case r G [0, j) and due to Corollaries A. 16 and 
A. 35 in [51] for the case r = j (see also Brzezniak [8], Kruse & Larsson |66j, Van Neerven, Veraar & Weiss (I04j 
for related results). This shows that regularity results in the literature ensure that (|12p holds for all r e [0, |;]. 
Up to our best knowledge, this is the first result in the literature which establishes that also holds in the 
regime r e (i, \). 

A further application of the regularity estimate (O and the mild Kolmogorov backward equation ([7]) is the 
weak approximation of SPDEs. Let us illstrate this in the case of spectral Galerkin projections for the example 
SPDE ([2]). More precisely, in the case of the SPDE ([2]), Corollary [8] in Section [3.2.31 implies that there exist real 
numbers Cr,T G [0,oo), r,T £ [0,oo), such that 



|E[(^(Xt)] -E[(^(P^(Xt))]| 



< 



Cr,T \\f\\cl.^{H,V) 



(14) 



for all TV e N, T e (0, 00), ip e Cl^p{H, V) and ah r e [0, 1) where Pjv e L{H), N e N, are spectral Galerkin 

projections defined by {Pnv){x) := ^^=1 2sin(n7rx) v{y) &va{m:y) dy for aU a; G (0, 1), w e = i^((0, 1),M) 
and all g N. Inequality (|14l) and Corollary [5] respectively are a straightforward consequence of the regularity 
estimate (O (see Section 13.2.31 for details) . In the case of the stochastic heat equation with additive noise 
f{x,y) = and b{x,y) = 1 for all x e (0, 1), ?/ G M in (P), inequality follows for all r S [0, 1) from the 
results in [271 [73 El ES] at least in the case of bounded test functions (see also [H [23 [Ml [H [23 [3 IHS] for 
further numerical weak approximation results for SPDEs) . In addition, in the general setting of the SPDE (|T]) , 
it is well know that inequality holds for all r e [0, i]. Indeed, in that case, we get from the global Lipschitz 
continuity of tp that 



< 



E[p{XT)]'E[p{PNiXT))]\\y < Mc2^^^H.V)m\iI-PN)XT\\H] 



l^llcL iHy)^[\\XT\\H,,,]W - Pn)(ji - A)-^/^\\LiH) < 



(15) 



< 00 



for ah A e N, T e (0,oo) and aU p e Clip{H,V) where finiteness of E[||AT||i/i/J for aU T e (0,oo) follows, 
e.g., from Theorem 5.1 in [ST] (see also Kruse & Larsson [55] and Van Neerven, Veraar & Weiss [104] and 
the references therein for similar results). This shows that regularity results from the literature ensure that 
([Ti]) holds for aU r e [0, 5]. The present article proves that also holds for aU r e [0, 1). Observe that 
estimates the weak approximation error of spatial spectral Galerkin projections only instead of more complicated 
spatial approximations (see also Corollary [8] in Section [3 . 2 .31 below for a generalization of (fMl) ') and also the time 
interval and the noise are not discretized in ([H]) . We believe that the mild Kolmogorov backward equation ([7]) 
can also be used to solve these more complicated weak numerical approximation problems for SPDEs and plan 
to develop these results in a future publication. 

Another application of the mild Ito formula ^ and the mild Kolmogorov backward equation (O respectively 
are the derivation of strong and weak stochastic Taylor expansions of solutions of SPDEs. Details can be found 
in Subsection 13 . 2 .41 below. These Taylor expansions can then be used to derive higher order numerical schemes 
for SPDEs. In Subsection 13.3.21 below this is illustrated in the case of Milstein scheme for SPDEs. 
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2 Mild stochastic calculus 

Throughout this section assume that the following setting is fulfilled. Let I C [0, oo) be a closed and convex 
subset of [0, oo) with nonempty interior, let {n,J^,¥) be a probability space with a normal filtration (J^t)tgi 
and let (F, (•, •)^ ,JH|^ ), (i?, (•, •)h , |M|^ ), {H , {; ■) h AlWii) and (C/, (•,•)[/, II 'lie/) be separable M-Hilbert 
spaces with H C H C H continuously and densely. In addition, let Q : U U he a, bounded nonnegative 
symmetric linear operator and let {Wt)^^^ be a cylindrical Q- Wiener process with respect to (J-"t)tgi. Moreover, 
by {Uo,{-r)uo'\\'\\uo) R-Hilbert space with Uq = Q^''^{U) and ||u||,7„ = \\Q~^'^{u)\\u for all m e C/q is 
denoted (see, for example. Proposition 2.5.2 in Prevot & Rockner [90 ). Here and below S^^ : im(S') C U ^ U 
denotes the pseudo inverse of a bounded linear operator S: U ^ U S L{U) (see, e.g.. Appendix C in [90]). 
In addition, let i^: L{H,H) — !• 7? e L(^L{H , H), , v ^ H, he a. family of bounded linear operators defined 
through i^A = Av for all A e L{H, H) and all veH. Then by S{H, H) := a{ U^^^ i-^{B{H)) ) = (T{{i:^^{A) C 
L{H,H): V E H,A E B{H)}) the strong sigma algebra on L{H,H) is denoted (see, for instance. Section 1.2 
in Da Prato & Zabczyk [21 ). Finally, let Z C be a set defined through Z {(ii,t2) El"^: h < ^2} and let 
T G I be defined throught r := inf(I). 

2.1 Mild stochastic processes 

Definition 1 (Mild Ito process). Let S: Z ^ L{H,H) be a B{Z)/S{H ^H) -measurable mapping satisfying 
St2.ts,St-i,t2 = 'S'ti.ta for all ti,t2,t3 E I with ti < t2 < t^. Additionally, let Y : 1 x D, ^ H and Z: I x f2 — )• 
HS{Uq, H) be two predictable stochastic processes with \\Ss.tYs\\ fj ds < 00 P-a.s. and WSg^tZsW^j^gf^jj^^ fj-^ ds < 
00 P-a.5. for all t El. Then a predictable stochastic process X: Ix Q ^ H satisfying 

Xt = Sr.t Xr + Ss.t ds + I* Ss.t Zs dWs (16) 

P-a.s. for allt E^r\ (t, oo) is called a mild ltd process (with semigroup S, mild drift Y and mild diffusion Z). 

Note that if {H, (•,-)jj,||-||jj) = {H, {■,■) and if the semigroup S: Z L{H) satisfies St^^t2 = I for 

all (^1,^2) G Z, then the mild Ito process ((T6)) is nothing else but a standard Ito process. (Throughout this 
article the terminology "standard Ito process" instead of simply "Ito process" is used in order to distinguish 
more clearly from the above notion of a mild Ito process.) Every standard Ito process is thus a mild Ito process 
too. However, a mild Ito process is, in general, not a standard Ito process (see Section [3] for some examples). 
The concept of a mild Ito process in Definition [T] thus generalizes the concept of a standard Ito process. In 
concrete examples of mild Ito processes it will be crucial that the semigroup S*: Z — > L{H,H) in Definition [T] 
depends explicitly on both variables ti and t2 with (^1,^2) G Z instead of on ^2 ~ ii only (see Subsection 13.31 
for details). The assumptions \\Ss.tYs\\ ^ ds < 00 P-a.s. and ||S's.tZs||^5(-[/p fj^ds < 00 P-a.s. for alH G I in 
Definition [T] ensure that both the deterministic and the stochastic integral in (fTB)) are well defined. In the next 
step an immediate consequence of Definition [1] is presented. 
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Proposition 1. Let X : IxSl— >i7 be a mild ltd process with semigroup S : Z ^ L{H, H), mild drift Y : I x ^ 
H and mild diffusion Z: I x fi — > HS{Uq, H). Then 

Xt, = St,,t, Xt,+ r ysds+ r SsM Zs dWs (17) 
Jti Jti 

P-a.s. for all ^1,^2 G I with ti < t2. 

Proposition [T] follows directly from Theorem [T] below. Obviously, equation p7p in Proposition [T] generalizes 
equation (jl6l) in the definition of a mild Ito process. Let us complete this subsection on mild Ito processes with 
the notion of a certain subclass of mild Ito processes. 

Definition 2 (Mild martingale). A mild ltd process X: I x — > with semigroup S*: Z — > L{H,II), mild 
drift Y:lx n ^ H and mild diffusion Z: I x 57 — !■ HS{Uo, H) satisfying E[||Xt||^] < 00 for all t £ 1 is called 
a mild martingale ( with respect to the filtration J-"t , t € I, and with respect to the semigroup S) if 

E[Xt,\Tt,] ^ St,,t, Xt, (18) 

P-a.s. for all ti,t2 G I with ti < t2. 

Proposition 2 (Stochastic convolutions). Let X : x fl ^ H be a mild ltd process with semigroup 5: Z — > 
L{H,H), mild drift Y-.Ixfl^H and mild diffusion Z: Ixfl ^ HS{Uo, H) satisfying ¥,[\\Xt\\'^^ < 00 for all 
t e I. IfW\Yt = 0] = 1 for all t G I, then X is a mild martingale with respect to the filtration J-t, i G I, and 
with respect to the semigroup S. 

Proof of Propostion [H Propostion [1] yields 

Xt, = St,.t, Xt, + Ss,t, dWs (19) 

P-a.s. for all ti^t^ G I with t\ < t2- Equation and the assumption E[||Xt||^] < 00 for all i e I imply 
equation . The proof of Proposition [5] is thus completed. □ 



2.2 Mild Ito formula 



Let J be a set and let gj £ Uq, j € J, be an arbitrary orthonormal basis of the R-Hilbert space [Uq, (•,•)[/(, JMIc/o)- 
For an M-vector space (V^, |H|y) and a function ip e C^'^(I x H,V) we denote by diip S C(I x H,V), 
d2<~p e C(I X II,L{H,V)) and d^tp € C(I x H,L^'^\H,V)) the partial Frechet derivatives of tp given by 
{diip){t,x) = (ff)(i,x), {d2ip){t,x) = (|f)(i,x) and {dlp^){t,x) = (0)(t,x) for alH e I and aU xGH. 

Theorem 1 (Mild Ito formula). Let X:\xVl^H be a mild ltd process with semigroup S*: Z — > L{H,H), 
mild drift Y : 1 x D, ^ H and mild diffusion Z; E x il — > HS{Uo, H) and let (V, (•, •)y , ||-|jy) be a separable 
M.-Hilbert space. Then 



= 1, 



and 



\\{d2^){s,Ss,tXs)Ss,tYs\\y + \\{d2'p){s,Ss,tXs)Ss,tZs\\ 

HS{Uo,v) ds < 00 

\{diip){s,X,)\\y + \\{diip)is, S,,tX,)\\ ^i2)^Hy-^ ll'^«.*^'*llffS(c/o,J?) <°° 
ip{t,Xt)=ip{to,St„,tXt,)+ f {d,ip){s,Ss,tXs)ds+ f id2p^)is.,Ss,tX,)Ss,tY,ds 

Jto Jto 

+ / {d2P^){s,Ss,tXs)Ss,tZsdWs + \Y. I {dl^){s,SsAXs){Ss,tZsgj,Ss,tZsgj)ds 

•'to jEj' ° 



(20) 
(21) 



(22) 



-a.s. for all to,t el with to < t and all ip> G C^'^(I x if, V). 
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Note that (120)) and (1211) ensure that the possibly infinite sum and all integrals in ((22)) are well defined. 
Indeed, equation (|?T)) implies 

X! / \\i9i(p)is,Ss,tXs)iSs,tZsgj,Ss,tZsgj)\\yds 



(23) 



' W L(^) {H ,v) \\^^^tZs\\lJS(^^^^ fJ■^ ds < oo 



P-a.s. for all to,t el with to < t and all ip e C^'^{I x iJ, V"). Moreover, note that the mild Ito formula is 
independent of the particular choice of the orthonormal basis gj e Uq, j e J , of Uq. 

In the next step a certain fiow property of the mild Ito formula (I22p is observed. To be more precise, the 
mild Ito formula (1^ on the time interval [f, t] applied to the test function Lp{s, v), s & [i,t], v e H, reads as 



(24) 



f{t,Xt)=p{i,Si^Xi)+ y_ {dip){s,Ss,tXs)ds + y_ {d2^){s,Ss^tXs)Ss,tY,ds 

+ ^ {d2ip){s, SsM Ss,t ZsdWs + \Y. (^2V)(s, Ss,tXs) {Ss,tZsgj, Ss,tZsgj) ds 



P-a.s. for aU f, i e I with i <t and all G C^'^(I x TJ, V). Moreover, observe that the mild Ito formula ([^ on 
the time interval [ioi^ applied to the test function (p(s, Sf^v), s € [^Oi^i v e H, reads as 



^ii,SitXi)^ipito,St„^tXto)+ / idiip){s,S,,tXs)ds+ / {d2ip){s,Ss,tX,)S,,tY,ds 



to 



+ / {d2(p){s,Ss,tXs)Ss,tZsdWs + ^^ / {dlip){s,Ss,tXs){Ss,tZsgj,Ss,tZsgj)ds 



(25) 



P-a.s. for aU io,^,i e I with to < i < t and all (/? G C^'^(I x H, V). Putting (gS]) into (gl]) then resuhs in the 
mild Ito formula (|22)) on the time interval [ioi^] for to,t el with to < If the test function {(p{t,x))^^j ^^fj G 
C^'^(I x H, V) in the mild Ito formula ()22l) does not depend on t G I, then the mild Ito formula in Theorem [T] 
reads as follows. 

Corollary 1. Let X : Ix^ ^ H be a mild ltd process with semigroup S : Z ^ L{H, H), mild drift Y : Ix — > if 
and mild diffusion Z: I x O — !■ HS{Uo, H) and let {V, (•, •)y , ||-||y) be a separable M.-Hilbert space. Then 



\\ip'{Ss^tXs)Ss,tYs\\y + \\(p'{Ss^tXs)Ss^tZs\\%g(^jj^^ y) ds < OO 

\\'f"{Ss,tXs)\\L(2)(^H Y) \\Ss,tZs\\]jgf^jj^jjj ds < OO 



= 1 



(26) 
(27) 



and 



ifiiXt) = v{St„^tXt„) + f'{Ss,tX,)S,,tYsds+ ^'{Ss,tXs)S,,tZsdWs 

Jto Jto 

1 /■* 

+ T^y^ ^"{Ss,tXs) {Ss^tZsgj, Ss,fZsgj) ds 



(28) 



-a.s. for all tQ,t el with to < t and all (p G C'^{H,V). 



Let us illustrate Theorem [T] and Corollary [T] by two simple examples. The first one is a mild version of the 
stochastic integration by parts formula (see, e.g.. Corollary 2.6 in [S]). 

Example 1 (Mild stochastic integration by parts). Let ("H, (•, i IH|-h); {TiA'^ ')n Al'Wil)! ("^j ('j •)« Jl 'II-h)) 
{U, (•, ■)u , \\-\\u) and (V, (•, ■)y , ||-||y) be separable W-Hilbert spaces with % C H <Z % continuously and densely, 
let X : 1 X fl ^ H be a mild ltd process with semigroup S": Z —> L{H,H), mild drift Y : 1 x fl ^ H and mild 
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diffusion Z : I x — > HS(Uo, H) and let X : 1 x fl ^ 'H be a mild ltd process with semigroup S : Z ^ LiTi, %), 
mild drift 3^: I x 51 — > "H and mild diffusion 2:1x0—5- HS{Uq,'H). Corollary]^ then shows 

<f{Xt,Xt)=>fi{Sto,tXt,St„,tXt)+f 'f{Ss,tYs,Ss,tXs)ds+ f <f{Ss,tXs,Ss,tys)ds (29) 

Jto Jto 

+ (p(Ss,tZs{-),SsAXs) dWs + (p{SsjXs,SsjZs{-)) dWs + y^^ / ip{Ss,tZsgj,Ss,tZsgj) ds 
P-a.s. for all to,^ £ I with to < t and all bounded bilinear mappings ip: H x % ^ V . 

Example 2 (Mild chain rule). Let S*: Z — > L{H,H) be an B{Z)/S{H ^ H) -measurable mapping satisfying 
St2M^ti,t2 — "^ti.ts "^^^ ti,t2,t3 G I with ti < t2 < ^3 and let x: 1. — > H and y: 1 ^ H be two Borel 
measurable functions with \\Ss,tys\\ fj ds < oo and Xt — Sr.t Xt + Ss,t Us ds for all i e I. Corollary[J\ then 
shows ^ 

ip{xt)=if{Sto.tXto)+ ip'{Ss,tXs) Ss,tysds (30) 

Jto 

for all toi^ € I with to < t and all ip € C^{H,V). Equation pOI) is somehow a mild chain rule for the mild 
process x: I — > i7. 

Let us now concentrate on proofs of the mild Ito formula (|22|) . A central difficulty in order to establish 
an Ito formula for the stochastic process X: I x il — > is that this stochastic process is, in general, not a 
standard Ito process to which the standard Ito formula (see, e.g.. Theorem 4.17 in Section 4.5 in Da Prato & 
Zabczyk [21 ) could be applied. (Here and below the terminology "standard Ito formula" instead of simply "Ito 
formula" is used in order to distinguish more clearly from the above mild Ito formula.) The stochastic process 
X : I X — ^ iJ is, in general, not a standard Ito process since it satisfies the Ito-Volterra type equation (flB)) 
in which the integrand processes Ss,tYs, s G [T,t], and Ss,tZs, s € [t, i], depend explicitly on i e I too (this 
was the reason for introducing the notion of a mild Ito process; see Definition [1} . Below we present two proofs 
which overcome this difficulty and which establish the mild Ito formula (j22p . Both proofs consider appropriate 
transformations of the mild Ito process X : Ix il H . The transformed stochastic processes are then standard 
Ito processes to which the standard Ito formula can be applied. Relating then the transformed stochastic 
processes in a suitable way to the original mild Ito process X : 1 x fl — H finally results in the mild Ito 
formula ([2^ . The main difi^erence of the two proofs is the type of transformation applied to the mild Ito process 
X:Ixn~^ H. 

The first proof makes use of a transformation in Teichmann |101| and Filipovic, Tappe & Teichmann |31j 
(see equations (1.3) and (1.4) in Teichmann jlOlj and Section 8 in Filipovic, Tappe & Teichmann [31] and see 
also Hausenblas & Seidler [45l|46]). The first proof does not show Theorem [T] in the general case but in the case 
in which the semigroup of the mild Ito process is pseudo-contractive (see below for the precise description of the 
used assumptions). Under this additional assumption, the semigroup iSt-i.t2)(ti,t2)£Z on the Hilbert space H 
can be dilated to a group {Ut)tm on a larger Hilbert space (see, e.g., Szokefalvi-Nagy and Theorem 1.81 

in Szokefalvi-Nagy & Foia^ [lOOj for the so-called dilations of the unitary theorem) . On this larger Hilbert space, 
the mild Ito process (I16p can be transformed into a standard Ito process by - roughly speaking - multiplying 
with U-t for t G 1. Next the standard Ito formula can be applied to the transformed standard Ito process. 
Relating this transformed standard Ito process then in a suitable way to the original mild Ito process finally 
results in the mild Ito formula (P^. 

The second proof establishes Theorem[T]in the general case. It makes use of an idea in Conus &: Dalang [TB] 
and Conus [T5| (see Section 6 in Conus & Dalang [TB] and equations (1.7) and (7.6) in Conus [TS] and see also 
Section 3 in Debussche & Printems [27|, Theorem 4 in Lindner & Schilling [T^ and Theorem 3.1 in Kovacs, 
Larsson & Lindgren [62] ) and exploits a more elementary transformation. Roughly speaking, the mild Ito 
process X : 1 x ^ H is transformed in the second proof by multiplying with St^T for t G [t, T) with a fixed 
T € I (compare that the transformation in first proof is based on multiplying with the group at the negative 
time value —t). Since T — t > 0, the transformed process of the iJ- valued process X : 1 x ft H enjoys values 
in H too (this is in contrast to the first proof where the transformed process oi X : I x — >■ 7? takes values in a 
larger Hilbert space in which H is continuously embedded). Nonetheless, as in the first proof, the transformed 
stochastic process is a standard Ito process to which the standard Ito formula can be applied. Relating the 
transformed standard Ito process in a suitable way to the original mild Ito process then again results in the 
mild Ito formula ([^. 

Both proofs thus essentially consist of three steps: a transformation, an application of the standard ltd 
formula and the use of a suitable relation of the transformed standard Ito process and the original mild Ito 
process. The second proof also uses the following simple result. 
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Lemma 1. Let Y,Z: I x f7 — > [0,oo) be two product measurable stochastic processes with F[Yt = Zt] =1 for 
alltel and with F[ J^Y^ ds < oo] = 1. Then P[ Zs ds < oo] = 1. 

The proof of Lemma [1] is clear and therefore omitted. Instead the first proof of Theorem [1] in the special 
case of a pseudo-contractive semigroup is now presented. 

Proof. Proof of Theorem [I] in the case where the partial Frechet derivatives diLp, and i9|</? of ip are 

globally bounded, where 1": I x 57 — > and Z: I x — !■ HS{Uq, H) have continuous sample paths, where 
{H, ■) fj ,\\-\\fj) = [H, (■7')iJ-IMIij) = (H, {■,■) H ' II 'llij)' where Ut G L{H), t € [0, 00), is a strongly continuous 
pseudo-contractive semigroup on H and where St-^.t2 — f^(t2-ti) G ^i^) /''^ '^^^ (^11^2) G ^- First, observe that, 
under these additional assumptions, ([20)1 and (|2ip are obviously fulfilled. Moreover, due to Proposition 8.7 in 
[21], there exists a separable R-Hilbert space {H, (•, •)^ , |M|^) with H C H and \\v\\f^ = ||t'||^ for all v & H and 
a strongly continuous group Ut £ L{'H.), i g R, such that 

Utiv) = P{Ut{v)) (31) 

for &\\ V £ H d Ti. and all t e [0, 00) where P: "H — > is the orthogonal projection from Ti. to H. In this 
first proof the mild Ito process X: J. y. Q, ^ H \s now transformed into a standard Ito process by - roughly 
speaking - multiplying with lA-t for t g I. In a more concrete setting this transformation has been proposed in 
Teichmann |101) and Filipovic, Tappe & Teichmann j3I]; see equations (1.3) and (1.4) in Teichmann 101 and 
Section 8 in Filipovic, Tappe & Teichmann and see also Hausenblas & Seidler [?51|35]. Let us now go into 
details. Let X : I x — H be the up to indistinguishability unique adapted stochastic process with continuous 
sample paths satisfying 

Xt=Xr+ I U-s Ysds+ I U-s Zs dWs (32) 



P-a.s. for all t G I {Transformation; see also equation (1.4) in |101j and equation (8.6) in [31]). Next observe 
that the identity Xt — V(Ut{Xt)) P-a.s. (see also Theorem 8.8 in [31]) and the standard Ito formula in infinite 
dimensions (see Theorem 2.4 in Brzezniak, Van Neerven, Veraar & Weis [5]) applied to the test function 
ip{s,P{Utiv))), s e [to,t], ven, give 



^{t,Xt) ^ •f{t,P{Ut{Xt))) ^ v{to,P{Ut{Xto))) + / {di^){s,P{Ut{Xs)))ds 

Jto 

+ f {d2v){s,P{UtiXs)))PU^t-s)Ysds+ f {d2cp){s,P{Ut{Xs)))PU^t-s)ZsdWs (33) 



to 



f {dlv){s,P{Ut{Xs))){PU^t-s)Zsgj,PU(t-s)Zs9j)ds 



2 

P-a.s. for alHo,^ G I with to < t and all (p G C^'^(I x H,V) {Application of the standard ltd formula). Next 
note that equation (|5T|) gives 

P{Ut{Xs)) = P{Ut{Xr)) + j^P U^t-u) Yudu + P U^t-u) Zu dWu 

- Sr,t + Su,t Y^du + Su.t Zu dWu (34) 

= Ss,t Sr^s Xr + / Su.s Y^ du + Su,s Z.^ dWu — Ss,t Xs 



P-a.s. for all s,t E 1 with s < t {Relation of the transformed standard Ito process X : 1 x H. H and the 
original mild Ito process X: I x fl ^ H). Using and JM]) in finally shows (gl]). The proof is thus 
completed. □ 

In the next step the proof of Theorem [1] in the general case is given. Above an outline of this second proof 
is given. 

Proof of Theorem [7] In this second proof the time variable i G I within the integrand processes in (|16p is fixed 
and then, the standard Ito formula is applied to the resulting standard Ito process. In a more concrete setting 
this trick has been proposed in Conus & Dalang [16] and Conus [15]; see Section 6 in Conus & Dalang [T^ and 
equations (1.7) and (7.6) in Conus [T3] and see also Section 5 in Lindner & Schilling [73] and Section 3 in Kovacs, 
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Larsson & Lindgren [62] . Another related result can be found in Section 3 in Debussche & Printemps [23 ■ Let 
us now go into details. Let X* : [t, t] x ft H , t G 1 D {t, oo), be a family of adapted stochastic processes with 
continuous sample paths given by 



Xi = Sr^t Xr+ J Ss,t Ysds + J Ss,t Z, dW s (35) 

P-a.s. for all u e [r, and all t G In (t, oo) (Transformation] see also Section 6 in [16, Section 7 in |15| , 
Section 5 in |73, and Section 3 in [51]). Note that the assumptions F[J^ \\Ss,tYs\\ fj ds < oo] = 1 and 
P[ J* \\Ss^tZs\\%s(^if^ fj^ds <oo] =1 for ah t e I (see Definition d]) ensure that X* : [T,t]xn H,t (E In (r, oo), 
in ([55]) are indeed well defined adapted stochastic processes with continuous sample paths. In the next step the 
continuity of the partial derivatives oi (p: 1 x H ^ V , the continuity of the sample paths of X* : [r,t] x ft ^ H 
and again the assumptions P[ J* \\Ss,tYs\\ fj ds < oo] = 1 and P[ \\Ss,tZs\\\g(^ij^ ds < oo] — 1 in Definition[T] 
imply 



and 



11(92 ¥>)(s,X*)5,,*i;||^ + ||(a2^)(s,X*)5,,tZ,f^^(^^^^^ds < 

to 



(ai^)(s,x*)||^ + ||(92V)(s,x*)||^,,,(^^^^l|5,^t^,f^5(^^_^) ds< 



= 1 (36) 



oo 



= 1 (37) 



for aU to e [T,t], t e in (t, oo) and aU ip e C^'^(I x H,V). Moreover, the identity Xt = X^ P-a.s. and the 
standard Ito formula (see Theorem 2.4 in Brzezniak, Van Neerven, Veraar & Weis [3]) give 



(38) 



^it,Xt)=ipit,X't)^ip{to,Xl)+ / {di^){s,Xl)ds+ / id2ip){s,Xl)S,,tY,ds 

Jto Jto 

+ f id2ip){s,Xl)Ss,tZsdWs + lY. I idi^)is, Xl)iSs,tZs9j,Ss,tZsgj)ds 

Jto ^ nJto 



'to JGJT"^*" 

P-a.s. for all ioj^ G I with to < t and all (p G C^'^(I x H,V) {Application of the standard ltd formula; see also 
Section 6 in [TB], equations (1.7) and (7.6) in [T5|, Theorem 4 in [73] and Theorem 3.1 in [52]). Equation (1551) is 
an expansion formula for the stochastic processes (f{t, Xt), < G I n (r, oo), for </? G C^'^{1 x H,V). Nevertheless, 
this formula seems to be of limited use since the integrands in ((38)) contain the transformed stochastic processes 
Xl, s G [to,t], to,t E 1, to < t, instead of the mild Ito process Xg, the mild drift Yg and the mild diffusion Zg 
for s € [to,t], to,t E IL, to < t, only. However, a key observation here is to exploit the elementary identity 

Xl^Sr,tXr+ f Su,tYudu+ I Su.tZudWu 

( r r \ ^''^ 

— Ss.t ( Sr,s Xt- + / Su,s Y^ du + / Su,s Zu dWu I — Ss^t Xg 

P-a.s. for all s,t £ 1 with s < i in equation p8D (Relation of the transformed standard Ito processes X* : [r, t] x 
ri— T'H, t G ln(T, oo), and the original mild Ito process X : 1 x fl H). This enables us to obtain a closed 
formula for the stochastic processes ip(t, Xt), i G I n (r, oo), for p G C^^^(I x H,V). More precisely, (|39|) . (p6|. 
(157)) and Lemma (Dimply ^ and (gT]). Putting ^ into ((23) then gives The proof of Theorem (1] is thus 
completed. □ 

Let us close this section on mild stochastic calculus with a remark on possible generalizations. 

Remark 1. Note that here mild ltd processes, mild drifts and mild diffusions with values in separable Hilbert 
spaces are considered. Instead one could develop the above notions and the above mild ltd formula for stochastic 
processes with values in an appropriate class of possibly non-separable Banach spaces too. Indeed, the standard 
ltd formula also holds for stochastic processes with values in UMD Banach spaces (see Theorem 2.^ in Brzezniak, 
Van Neerven, Veraar & Weis 19^). Details on the stochastic integration in UMD Banach spaces can he found 
in Van Neerven, Veraar & Weis \1 02\ \103f and in the references therein. Another possible generalization is to 
consider more general integrators than the cylindrical Wiener process (Wt)t<£i- This leads to the concept of a 
mild semimartingale instead of a mild ltd process in Definition]^ In particular, the fourth integral in the mild 
ltd formula ()22l) then needs to he replaced by an integral involving the quadratic variation of the driving noise 
process. 
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3 Stochastic partial differential equations (SPDEs) 
3.1 Setting and assumptions 

Throughout this section suppose that the following setting and the following assumptions are fulfilled. Let 
T e (0,00) be a real number, let (fi, J", P) be a probability space with a normal filtration {J-t)t£[o,oo) and let 
{H, {■, , IHI^), {U, (•, , \\■\\^) and {V, (•, ■)y , be separable R-Hilbert spaces. In addition, let U ^ 

t/ be a bounded nonnegative symmetric linear operator and let (W^t)tG[o,oo) be a cylindrical Q- Wiener process 
with respect to (J^t)te[o,oo)- Moreover, by [Uq, (•, , ll'llyp) the separable E-Hilbert space with Uq = Q^^^{U) 
and ||w||[/o = \\Q^^^^{u)\\u for all u e Uq is denoted. 

Assumption 1 (Linear operator A). Let A: D{A) C H ^ H be a generator of a strongly continuous analytic 
semigroup e"^* G L{H), t € [0, cx)). 

Let T] e [0, 00) be a nonnegative real number such that (j{A) C {A e C : Re(A) < ry} where ct{A) C C denotes 
as usual the spectrum of the linear operator A: D{A) C H ^ H. Such a real number exists since A is assumed 
to be a generator of a strongly continuous semigroup (see Assumption [T]). By Hr '■= D((ri — A)^) equipped with 
the norm := ||(?7 — A)*^?;!!^ for all v € Hr and all r € M, the M-Hilbert spaces of domains of fractional 

powers of the linear operator rj — A: D{A) C H ^ H are denoted (see, e.g., Subsection 11.4.2 in Renardy & 
Roggers P]). 

Assumption 2 (Drift term F). Let q;,7 G M be real numbers with 7 — a < 1 and let F: H-y — >■ Ha be globally 
Lipschitz continuous. 

Assumption 3 (Diffusion term B). Let /3 eR be a real number with 7 — /? < ^ and let B : H-^ — > HS{Uq, Hp) 
be globally Lipschitz continuous. 

Assumption 4 (Initial value ^). Letp G [2, 00) be a real number and let^: i7 — >■ H^ be an Tq/B (H^) -measurable 
mapping with E[||f |j^ ] < 00. 

Furthermore, similar as in Section H let Z C [0,T]2 be defined through Z := {{ti,t2) E [0,T]^: ti < ^2}- 
In addition to the above assumptions, the following notations will be used in the remainder of this article. 
For two M-Banach spaces (Vi, and (V2, IMly2) ^^'^ ^^^^ numbers n G {0, 1,2, . . .} and q € [0,oo) define 

M\Li0)(VuV2) 11^11^2 ^ ^ ^1' ^^^^^ 

II^IIl.p-(v.v.) -Ell^^nO)L.)(..,.., + ^^^np^^ (^(l + max(M|,J|HkJ)«||.-HI.. 




and 



\MC2^,(V,.V2) ll^(0)|k, + 2^ y^'^\\L^iV^,Li^HV^,V2)) + ^up ^^-^^^ £ [0, 



(42) 

for every ^ £ ^"(1/1,^2), define G^(l^i,V2) W e ^"(^1,^2): MlG^iv^.v,) < define Lip^+i(1/i, V2) 
:= {ip e C"(l-i,y2): ll^llLipJ+^(y,^y,) < 00} and define C^^^iVi^V^) W e C"(l^i,^2): ll^llc£,^(y,,i^.) < 00} 
and note that llfyfllgmj-y^ y^) ~ ll'<^llLip'"(Vi V2) ^'^'^ every (p e C™(Vi, V2) and every m G N. Let us collect a few 
simple properties of the defined objects. More precisely, observe that 

n — 1 

ll^llGjW.y.) = E,=o ll^''H0)lli<*'W.v.) + ll^'"lGO(y,,y.) (43) 
MG'>^Jv^,V2) < ll'^llG;vtW.^2) - ll'^llGj(yi,y2)' (44) 

yC^^iv) - ^('=)(HllL(^)(y„y.) < ll^llLipj+Hi^i^v.) (1 + maxdIHk,, ^ - u;|k, (46) 

for all w e Vi, if e C"(Vi, ^2), G {0, 1, . . . , n}, n G {0, 1, . . . }, g G [0,oo) and aU M-Banach spaces (Vi, \\-\\yJ 
and (V2, IHly^). Moreover, note for all n G {0,1,2,...}, q G [0, 00) and all R-Banach spaces (Vi,||-||y^) 
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and (F2,|l-|lvJ that the pairs (G^(Fi, 1^2), (LiP^'l^i: ^2), |l-|lLipj+i(v„y,)) and (C£,^(Fi, ^2), 

|H|p„ (^v^,V2)) M-Banach spaces with G;'+^(Vi, F2) C Lip^+^(Fi, ^2) C 6^+1(^1,^2) continuously. More 
function spaces of similar type can be found in Dorsek & Teichniann |29] . 

3.2 Solution processes of SPDEs 

The following proposition shows that the setting in Section \3A\ ensures that the SPDE (|47| below admits an 
up to modifications unique mild solution process. It is similar to special cases of Theorem 4.3 in Brzezniak [8] 
and Theorem 6.2 in Van Neerven, Veraar & Weis |103) . Its proof is clear and therefore omitted. 

Proposition 3. Assume that the setting in Section \3.1\ is fulfilled. Then there exists an up to modifications 
unique predictable stochastic process X: [0,T] x — > which fulfills sup^gjg j^j E[||Xt||^^] < 00 and 



Xt^e^'i 



f\Mt-s)p^Xs)ds+ f e^^*-'^B(Xs)dWs 
Jo Jo 



(47) 



2.S. for all t e [0,T]. In addition, we have X G ^£(-00,7] C™"(t-'''1/2)([o, T], LP(f7; i/,.)). 



Proposition [3l in particular, ensures that the mild solution process X : [0,T] x — > of the SPDE ((47|) is 
a mild ltd process with semigroup e"^'*^"*^^ G i(^^min(a,/3.7), -^^7), (^1,^2) G Z, with mild drift 



and with mild diffusion 



F{Xt), [0,T], 



B{Xt), <e [o,r]. 



(48) 



(49) 



This fact now enables us to apply the mild Ito formula (j22p to the solution process X of the SPDE (|47)) . To 
this end let J he a, set and let gj £ Uq, j £ J , be an arbitrary orthonormal basis of the R-Hilbert space 
(C/q, (•, , ll'll^;^). A direct consequence of Theorem [1] and Corollary [1] is the next corollary. 

Corollary 2 (A new - somehow mild - Ito formula for solutions of SPDEs). Assume that the setting in Sec- 
tion \3.1\ is fulfilled. Then 



VP 



00 



to 



/' 



|^'(e^(*-)X,)e^(*-)i3(X,)f^^(^^ ,,)ds < 00 



|^"(e-4(*-^)X,)| 



=^(t-^) 



BiXs)\ 



HSiUo-Hr- 



ds < 



= 1 



(50) 

(51) 
(52) 



and 



^(Xt) = ^(e^(*-*°)XtJ + / ^'ie^^''''>Xs)e^^'~'^F{Xs)ds 

Jto 

+ f (^'(e^(*-'')X,)e-^(*-'')B(X,)dT4^, 

Jto 

+ \H j\"{e^^''^)Xs) (e^(*-^)i?(X,)5„e^(*-^)i?(X,)g,) ds 



(53) 



f-a.s. for all to,t £ [0,T] with to < t, all ip £ C^iHr, V) and all r £ (-oo,min(a + 1,^ + 5)). 

First, observe that the possibly infinite sum and all integrals in (|53l) are well defined due to ([5n)) - ([5^ . Next 
define mappings i^o : iirmC{Hr,V) UreRC{Hr,V) and Kt - i)remC{Hr,V) ^ C{H^in(^a,p,j),V), t £ (0, 00), 
through Ko{lp) := ip and 

{Kt^)ix) -.^ipie^'x) (54) 
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for all X € i?min(a,^,7), f & ^rmG{Hr,V) and all t e (0,00). Note that Kt^ o Kt^ — Kt^+t2 for all ^1,^2 G 
[0,00). In addition, define linear operators L^^^ : C^(i?min(Q.^,7)i ^) ^ C{H-y,V) and L^^^ : C^(i/inin(^^^), — >■ 
C{H^,V) through 



(L(")^)(a;) (x) + i ^ ^"(x) i?(x).g,) 



(55) 



+ -Tr(^(S(a;)) ^"{x) B{x) 



for all a; £ H^,ip e C^(i?min(Q,0,7)i ^) and through ■— '^'{x)B{x) for all x e Hj,ip £ C"^ F). 



Furthermore, define mappings ' : Urm C^{Hr,V) C{H^,V), t e (0,oo), and Ll ' : Urm C^iHr,V) -J> 
C{H^,HS{Uo,V)), t G (0,00), through 4°^) L^^' (^(((/j)) for all ip € UgRC2(i/^, and through 
:= for all </? e UrgMC^iJ^, Note that these definitions imply 

= ^'{e^'x) e^'F{x) + h:v({e^'B{x))\" {e^'x) e^'B{x)) 



(56) 



for all X g i/^, e \JrmC'^{Hr, V), t e (0, 00) and 



{L\'^^){x) = ^\e^'x)e^'B{x) 
for all X E Hy, ip E UreRC^(Hr, V), t E (0, 00). The mild Ito formula (|53p can thus be written as 



(57) 



to 



(1) 



(i^(,_,„)^)(X,J+ / (L[°l^)<^)(X,)ds+ / (L|;i^)^)(X,)dM/, 



-(1) 



(58) 



to 



(if(t_,„)^)(XtJ+ / (L(")if(,_,)<^)(X,)ds+ / (L(i)X(,_,)^)(X,)dl^, 



to 



P-a.s. for all to,t E [0,T] with to < t and all e ^r<inin{a+i,j3+^)^'^iHr,V). Moreover, taking expectations on 
both side of (155)) gives 



E 



E 



to 



ds 



E 



(X(,„i„)^)(X,J 



E 



(L(°)if(,_,)^)(X,) 



(59) 



for all to^t E [0,T] with to < t and all 93 S ^r<min{a+i.p+^)^oi-^r,V). Based on ([551) a mild Kolmogorov 
backward equation is derived in Subsection 13.2.21 below. Other kinds of Ito type formulas for solutions of 
SPDEs can be found in[Tl[lIl[33|MllMllMl[Ml[ini[ZllHllHSl[Hi[Sni[nil ED] ■ In the next step Corollary H 
is illustrated by two simple examples. 

Example 3 (Identity). Assume that the setting in Section \3.1\ is fulfilled, let V = Hy, let \\v\\y = W'vWfj for 
all V E H-y and let ip: Hj — > H-y be the identity on Hj, i.e., f{v) = v for all v E H^. The mild ltd formula (|53p 
in Corollary [H then reduces to 



Xt = e-^^'-'"^ Xt„ + e^'-*-'^F{Xs)ds+ e^'-*''^ B{Xs) dW, 



ta 



(60) 



P-a.s. for all to,t E [0,T] with to < t. This is nothing else but the mild formulation of the SPDE (|47p . In this 
sense, the formula (j53p is somehow a mild ltd formula for SPDEs. 

Example 4 (Squared norm). Assume that the setting in Section \3.1\ is fulfilled, let V = M, \\v\\y = \v\ for all 
V E V = M., assume min(a + + i) > and let ip: H ^ V be given by (p{v) — ||w||^ for all v E H. The mild 
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ltd formula (j53l) in Corollary then reduces to 

+ 2 f (e^^''''>Xs,e^^'-'^B{Xs)dWs) + f \\e^^'~'^ B{X,)\\l.^rr ^.ds 

Jt„ \ 'H Jto 



(61) 

d" 

HS{Uo,H) 



P-a.s. for all to,t e [0, T] with to < t (see also Example U\ above). We refer to JM\M\M\M\M\M\MI for 
other ltd type formulas with the particular test function (p{v) — ||f ||^, v ^ H. If Xq = and F{v) = for all 
V H in addition to the above assumptions, then (j6ip simplifies to 









E 


]\Xt\\l_ 






Jo 



\\Xt\\l^2j^ (e^(*-^)X„e^(*-^)i3(X,)dM^,)^ + ^ \\e^<^'~^^ B{X,)\\l^^^^^^^ ds (62) 
-a.s. for all t G [0,T] and this, in particular, gives 

|e^(-^)S(X,)||^,(^^^^^Jd. (63) 
for all t G [0,T]. Clearly, equation (|63p is nothing else but a special case of ltd' s isometry. 

3.2.1 SPDEs with time dependent coefficients 

In addition to tlie setting in Section [01 assume in this subsection tliat F : [0,oo) x — > Ha and B : [0,oo) x 
H~f —4- HS{Uq, Hfj) are two globally Lipschitz continuous mappings. Then there exists an up to modifications 
unique predictable stochastic process X : [0,oo) x 17 — e C {[0 , oo) , {il; H^)) which fulfills 

Xt = e^*e + /* e^(*-^'F(s, X,) ds + f e^^'~'^B{s, X^) dWs (64) 
Jo Jo 

P-a.s. for all t £ [0, oo). Next define mappings l[°J: U^eR C2(iJ,.,F) -> C{H^,V), s,t e [0,oo), s < t, and 
4^4^ UrmC^Hr^V) -> CiH^,V), s,t£ [0,oo), s<t, through 

(Li»(x) ^'(e^(*-^)x)e^(*-^)i?(s,x) + ^ ^ ^"(e-4(*-^)x) (e^(*-^)B(., e^(*-^)B(s, x)^,) (65) 

for all X £ Hj, ip £ \JreRC^{Hr, V) and all s,t £ [0, oo) with s <t and through 

(4^,V)(a:) := {e^^''^'> x) e^^'-^'> B{s, x) (66) 
for all X £ Hj, ip £ Ur£MC^{Hr,V) and all s,t £ [0, oo) with s < t. Corollary [1] then implies 

ip{Xt) = {K^t_t^)ip){Xto)+ f {L^°i^){Xs)ds+ f {L(^tip)iX,)dWs (67) 

Jto Jto 

for all to,t £ [0,oo) with to < t and all ip £ Li^^„^i^(^a+i.p+^)^'^{Hr,V). The mild Ito formula (|S7)) is nothing 
else but the counterpart of ([5^ for SPDEs with time dependent coefficients. 

3.2.2 Mild Kolmogorov backward equation for SPDEs 

Based on (|59p a mild Kolmogorov backward equation is derived in this subsection. Proposition [3] implies the 
existence of predictable stochastic processes X^ : [0,oo) x ft ^ Hy £ r\q^[i^oa)C{[0,oo),L'^{Q;Hj)), x £ H^, 
such that ^ ^ 

X^ = e^'x+ f e^^'-'^F{X^)ds+ f e^'-'-'^ B{X^) dW^ (68) 
Jo Jo 

P-a.s. for all t £ [0,oo) and all x £ Hj. Proposition [3] also implies that P[Xf £ Hr] = 1 for all t £ (0,oo) 
and all r £ (-oo,min(a + + 5)). Then define mappings Pt : Ugg[o,oo) ^r(^{-oo,nun{a+i,p+^))GqiHr,V) -5> 

Uge[0,oo)U^e(-oo.min(a+l./3 + i))G°(^r, V"), t £ [0, Oo), thrOUgh Po(v) f for all £ U,g[o,oo)U^g(-oo,mi„(a+l.^) + i)) 

and through Ptiip) £ ^qe[o,oo)Gg{Hj, V) and 

iPt^)ix):^E[p{X^)] (69) 
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for all X £ H^, ip e ^qelo,oc)^re{-oo,min{a+i,i3+^)) and all t e (0,oo). Note that Pt{G°{Hr,V)) C G°{H^, V) for 
all t e (0, cx)), r G (—00, min(Q; + 1, (3 + i)) and all q G [0, 00). The next lemma collect a few simple properties 
of the linear operators Pt, t G [0,oo). 

Lemma 2 (Properties of Pt, t G [0,oo)). Assume that the setting in Section \8.1\ is fulfilled. Then Pt G 
L{G'^{Hj, V)) and snpg^^Q t] \\Ps\\l(g';^{H-,.,v)) < 00 for all t,q G [0, 00) and it holds for every q G [0, 00) that the 
function [0, 00) 3 t 1-^ Pt G L{Lipg{Hj,V),Gg_^_i{Hj,V)) is locally ■^-Holder continuous. 

The proof of Lemma [2] is a straightforward consequence of inequality (|46|) and is therefore omitted. Next 
the mild Ito formula in (j58p implies 



t 

(0) 



ds 



{Pt^){x)=E {K^t-to)^){Xl) + / E 

J to 

= {Pt,K^t^to)V) (x) + f {PsLfl^^^) (x) ds (70) 

J to 

= {Pt,K^t-to)V){x)+ I {PsL^"^K^t-s)^){x)ds 



to 

for all to,t G [0,00) with tg < t, x G and all Lp G ^qe[Q.oQ)^re(-oa,mm{a+i.p+^))- In the next subsection we 
will use (|70p to study regularity properties of solutions of SPDEs. In this regularity analysis we also use the 
following two lemmas. 

Lemma 3 (Estimates for Kt, t G (0, 00)). Assume that the setting in Section \3.1\ is fulfilled. Then the function 
(0,00) 3 t ^ Kt G L(^Lip]^+^{Hrj^,V),G^^i{Hr2,V)) is continuous for every ri,r2 G R, q G [0,oo), n G 
{0,1,...} and it holds that Kt G L{Lip^{Hrj^,V), Lip'^{Hr2,V)) and that 

\\Kt{'Pa)\\GO(H^,,v) < niax(l, \\e^*\\^H^^^H^^^) ||¥'o||go(//,.,,v), (71) 
WiKt^PiYWcoiH-^MHcy)) < max(l, ||e'^*||^(^j) We'^^WLiH^.H-,) Wf'iW G<>{H-,MH-,y)), (72) 
\\iKtV2)"\\G°iH-,M^){Hf,y)) < max(l,||e'^*||«(^^) We^^'fuH^M-,) ll<^2 llG«(ff-,,L(2)(ff.,,y)) (73) 

for all ipo G C{Hr2,V), ipi G C^{H^,V), ^2 e G^{Hy,V), q G [0,oo), ugN, ri,r2 G M and all t G {0,oo). 

Lemma 4 (Estimates for L^"^). Assume that the setting in Section \3.1\ is fulfilled. Then it holds that L^^"^ G 
V),G°g+2{H^,V)), that m G L{Lipl{H,^,^( 

Q,^*,7): -^*Pg+2(^7i ^)) and that 

\\L^'\^)\\Gl^^(H.y) 

< \\F\\g\(H^,H^) \W\\Gl^^(H^MH^y)) + \ \\B\\%a(H^,HS{Uo,Hii)) II II G0(ff,,L(2) (ff^, , (74) 

<max(||F|| 

G°{HrMa.)^ \\P\\'G\(Hr,HS(Uo-Hfs))){W\\Gl^^{H^,L{Ha.y)) + \W\\Gl(Hr,WHH^y))) 

for all r G [7,00), G C^(iJnii,-,(£j.^^^), t^) and all q G [0,oo). 

The proofs of Lemma [3] and Lemma 3] are straightforward and therefore omitted. The proof of Lemma [3] 
makes use of inequality above. The next corollary follows from Lemmas HHH 

Corollary 3. Assume that the setting in Section \3.1\ is fulfilled. Then the function (to, i) 9 s i— > Ps L^^^^Kt^s G 
L{Lip^{H^,V),G^_^^3{H^,V)) is continuous and satisfies J^^ \\Ps L'^^'^ Kt-s\\L{L^p3^{H.yy).,G°^^iH.,y)) ds < 00 for 
every to,t G [0, 00) with U) < t and every q G [0, 00). 
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Proof of Corollary [5l The triangle inequality implies that 

II p /-(O) _ p 7-(0) 7^ II 

WI-s-l^ -n-t-s -r^o^ ^t^'^oW L{Lip3^(H^y),G"^^^{H-,,V)) 

< \\P T^^'^K* - P L'-^^K, II 

ll-Tsi^ J\t-s ^s^ ^'^-^o\\L{Lipl{H^,V),G°^^(H^,V)) 

-4- W P T ^°'> K. - P T^°^K. II 

W-Ts-L^ r^t-so -f^so^ ^'^-^o\\l{LipI(H^,V),G°^^{H^,V)) 

< \\Ps\\l{G'^^^.,{H-,,V)) l!-^'^°^llL(G^^,(ff„„„(„,3,^),l^),G;;^3(ff-,,y)) 
• lli^t-,. - ^t-sollL(L»p3(i/^,V),G^^i(H„„„(„,^,,),y)) 

■ l|-K't-6ol|L(Lip3(ff-,,y),L»p3(ff„„„(„,3_^),l^)) (75) 

< ll^^°^lli(G^+,(H.„.„(„,3,^,,y),G°+3(ff^,y)) • sup ||P„||i(GO^^(^^^y)) 

Me[to,t] 



<oo due to Lemmas ^ and [2] 
\\Kt-s - ^t-sollL(L»p3(ff^,V),G^^i(ff„,„(„,3,-,),V)) 

l|i^°^llL(Lip3(j^_^^^_^(^_^_^j,V),iipi^^(j^^,y)) • \\Kt^so\\L{LipliH-,,V).Lipl{H,„,„^^^p^^^,V)) 



<oo due to Lemmas [4| and fsl 
• ll^s - Pso\\L{Lipl^^{H^,V),G°^3iH^y)) 

for all sq, s e (to, i), g € [0, oo) and toj t G [0, oo) with io < t- Combining ([75)) with Lemma[5]and Lemma[2]shows 
that the function (tg, t) 9 s P^. L'^'^^Kt-s G L{Lip^{Hj , V),Gq^^{H^, V)) is continuous for every t G [0, oo) 
with to < t and every q E [0, oo). Combining this with Lemmas [2H1] completes the proof of Corollary [31 □ 

In the following we reformulate ([70)) in a suitable abstract way by using Corollary [3| More precisely, 
combining Corollary [31 with equation ([70)) shows that 

Pticp) = Pt,{K^t-to)icp)) + ds 

\ (76) 

= Pt„ (K^t^to) (^)) + f Ps {L^"^ (K^t^s) (^)) ) ds 



to 

in G^_|_3(i?^, V^) for all to,t £ [0,oo) with to < t, ip G Lip^{H^,V) and all q £ [0,oo) where the integrals in 
([7S)) are Bochner integrals in M-Banach space G^^_^^{H^,V). According to Corollary [31 these Bochner integrals 
are indeed well defined. We would like to add to the mild Kolmogorov backward equation ([75|l that the mild 
Kolmogorov operators L^t\ t e (0, oo), appearing in (j76p do, in general, not commute with the semigroup 
operators P*, t G [0, oo), i.e, we do, in general, not have that {PtLf^){(p) = {Lf^ Pt){(p) for all s,i € (0,oo) 
and all cp € Go{H~f,V). This is in contrast to the standard Kolmogorov backward equation where the semi- 
group and the Kolmogorov operator do commute (see, e.g., Section 8.1 in Oeksendal [84]). In the next step 
let ICt: L(G?(i?„,i„(,,^,^),y),GO(ff^,y)) ^ L{Lipl{H^,V),GliH^,V)), t G (0,oo), let /Cq: L(G0(i7^,y)) ^ 
L{Lipl{H^,V),G'i{H^,V)) and let £: L{G'i{H^,V)) L{GHH^in(,a,i3,'y),V),G'i{H^,V)) be bounded linear 
operators defined through 

{JCt'S>){p) ^Ktiifi)) (77) 

for aU t e (0,oo), ip e Lipl{H^,V) and all $ e L{Gl{H^in(a,p.y},V),G'i{H^,V)), through (/Co$)((/7) $(¥>) 
for all ip e Lipl{H^,V) and all $ G L{Gl{H^, V)) and through 

(£$)(^):=cO(L(o)(^)) (78) 

for ah ip £ Gi(ffinin(a,^,7) ^Lud all $ g L(G3(i/^, y)). Lemmas [31 and [H ensure that JCt, t £ [0,oo), and £ are 
indeed well defined bounded linear operators. The next corollary follows from Lemmas [^[-[ll 

Corollary 4. Assume that the setting in Section \3.1\ is fulfilled. Then the function [to, i) 9 s i— > /Ct_s(£(Ps)) £ 
L[Lipl{H^, V),Gl{H^, V)) is continuous and satisfies J^^ \\ICt-smPs))\\L{LipliH.,,v),G°iH^,v)) ds < oo for every 
to,t £ [0, oo) with to < t. 
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Proof of Corollary Note that the triangle inequahty implies that 

+ W^t-somPs)) - ^t-somPso))\\^i^ip3i^H.,,V),G'^{H^,V)) 

■'t-so\\L{L{Gl(H^,^^^^l,^^^,V),G°iH^,V)),LiL^p^„{H^,V),G°iH^,V))) 



l'^llL(L(G«(H^,y)),L(Gf(ff„„„(„,3.^),V),G0(ff^,y))) ' 



sup \\Pu\\l{G"^{H-,,V)) 
u£[to,t] 



(79) 



<cxD due to Lemma [4] 



<oo due to Lemma [2] 



+ 



sup \\l<^t-som^))\\L(LipliH^,V),G°(H^,V)) 
<S>eLiG<i^{H^,V)) 

ll*llt(tipl(ff^,V),G§(ffT,V))^:l 



\\Ps — Pso\\L{Lipl{H^,V),G°{H^,V)) 



<oo due to Lemmas [3] and [4] 



for all so,s £ {to,t) and all to,t e [0,00) with to < t. Combining ([7^ with Lemma|3]and Lemma [5] completes 
the proof of Corollary □ 

We now use Corollary S] to reformulate equation ([7S)) . More precisely, combining Corollary 01 equation ([75|, 
definition (j78p and definition ([77)) shows that 

Pt - IC^t^to)iPt„) + /*/C(,_,)(/:(F.)) ds (80) 
in L{Lip^{H^, V), G'^{H^, V)) for all to, t e [0, 00) with to < t and this, in particular, implies that 

Pt = ICtiPo) + I IC^t-s) (CiPs)) ds (81) 
Jo 

in i(LipQ(iJ^, F), G§(iJ^, V^)) for all t g [0,oo) where the integrals in ([50)1 and ([5T|) are understood to be 
Bochner integrals in L{Go{H^,V),G'^{H^,V)). According to Corollary 21 these Bochner integrals are indeed 
well defined. Equation (|8ip and equation (|80p are somehow mild Kolmogorov backward equations for the Pt, 
< e [0,00), (see dnn])) associated to the SPDE 

3.2.3 Weak regularity for solutions of SPDEs 

Another consequence of the mild Ito formula ([55)1 is to study weak regularity of solutions of SPDEs. To be 
more precise, in this subsection regularity of the probability measures Fxj, t S (0,T], of the solution process 
Xt, t £ [0,T], of the SPDE (|T7)) are studied by using the mild Kolmogorov backward equation ([70)) above. 
Below (see the illustrations below Lemma (B]) we also describe in more detail what we understand by regularity 
of a probability measure. While strong regularity of solutions of SPDEs have been intensively analyzed in the 
literature (see, e.g., Da Prato & Zabczyk [211 [H], Brzezniak [5], Brzezniak, Van Neerven, Veraar & Weis [5], 
Van Neerven, Veraar & Weis [1021 11031 1104| , Jentzen & Rockner [5S] , Kruse & Larsson [Ml and the references 
therein), weak regularity for solutions of SPDEs seem to be much less investigated. 

Let us now go into details. An important ingredient in our analysis on weak regularity of solutions of SPDEs 
are the following mappings. Let : Gq{Hp,V) — > [0, cx)), t £ (0, cx)), q £ [0,oo), S £ {p— l,oo), p g R, be a 

family of functions defined through 

Mt:', (82) 

\\Kt{'f)\\Gl^^_{Hs,V) + _ s)mm(5-p,0) (^\\{Ks(py \\G'^^^iH,X{Hcy)) + Wi^sf)" \\G'^^iH„L(^) (H^ ,V)}) ds 

for all t £ (0, 00), ip £ Gg{Hp, V), 6 £ (p — 1, 00), q £ [0, 00) and all p £ M.. Please note that the integrand in 
([5^ is indeed Borel measurable in s e [0,oo) since Hp is separable for every p £ R. The next lemma collects 
some properties of the functions f' : G^{Hp, V) [0, 00), t £ (0, 00), q £ [0, 00), (5 G (p — 1, 00), p £R. 
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Lemma 5 (Properties of IHlff', t € (0,oo), q <E [0,oo), (5 G (p — l,oo), p G R). Assume that the setting ir, 



\t,q 



SectionWlMs fulfilled and let t e (0,oo), q £ [0, oo), (5 G (p— l,oo), p G K, fee defined through (|82p. r/ien 



At||(9+2) 



(83) 



\ min((5— p,0) 



ll<3^1lL(H„,H,) + l|e"1 



As||2 

L{Hf,.Hp) 



ds < 



for all (fi G Gg{Hp, V), q G [0, oo), t G (0, oo), 5 G (p — 1, oo), p G (— oo, min(Q: + 1, (3 + ^)) and it holds for every 
t G (0, oo), q G [0, oo), p G (— oo, niin(Q:+ 1, /?+ ^)), (5 G (p— 1, oo) that the mapping : Gq{Hp, V) — ?> [0, oo) 



is a norm on G^{Hp,V). 



Proof of Lemma[5[ Combining (j7iP " ((73|) . (|43)) and (|44)) shows (l83l) . Next observe for every t G (0, oo), q G 
[0, oo), p G (— oo, min(a + 1,(3 + i)) and every S £ (p — 1, oo) that |H|f^ : G'^{Hp, V) — ^ [0, oo) is a semi-norm 
on Gg{Hp,V). In addition, note for every p,6 G R, q £ [0, oo), t G (0,oo) and every (p G Gg{Hp,V) that if 
\\^t{'p)\\G'^iHs,v) = 0: then sup2,ggAt(^^) ||(y9(x)||v — 0. The fact that for every p, (5 G M the set e^*{Hs) is dense 
in Hp therefore shows for every t G (0, oo), q G [0, oo), p G (— oo, min(Q! + !,/? + i)) and every S E (p — 1, oo) 
G^{Hp, V) [0, oo) is indeed a norm on G^{Hp, V). The proof of Lcmma[5]is thus completed. □ 



that 



\t,q 



In the next step we denote for every t G (0,oo), q G [0, oo), p G (— oo,min(a + l,/3 + i)), S E {p 



l,oo) by (^/^/q (^?^p, V^), ll'llt'q) the completion of the normed R-vector space {G'^{Hp,V), The pairs 



|<5,P 



(gt^;^*(i?p,y), IHI*'^) for t G (0,oo), q G [0,oo), 5 G (p - l,oo) and p G (-oo,min(a + 1,^+ i)) are thus 
M-Banach spaces. 



Theorem 2 (Weak regularity for Pt, t G (0,oo)). Assume that the setting in Section \3.1\ is fulfilled. Then 
Pt e L{gl:'{Hp,V),G°JHs,V)) and 



(84) 



< 



maxfl,||F||GO(^^,fj^),||B||^„(^^ 



ffS(t/o,//,))jinaxl 1, jup^ 



s||L(GO(Hp,y),G«(fl-,,y)) 



< OO 



for all t G (0, oo), 5 G [7, 00) n (p — 1, 00), q G [2, 00) and all p G [7, min(Q; + 1, /3 + i)). 
Proof of Theorem Equation (|70p implies 

\\Pt[H>)\\G%{H,y) 

< ll-ft^t(v')llGO(H,,y) 



sup 

se(o,t) 



^max{p— 6,0) II n I 

S '\\Ps\\L{G%lyH,,V),G%{H,,V)) 



{t-s)---^'-'-''\\L^\^)\\G^u^^y^ds 



(85) 



< max 1 , sup 
V se(o,t) 



^max( p— d 



'''°'||f's||L(GO(Hp,y),G;](if,,\/))J j 
ll^*(^)llGO(H„y) + / - .)-'"(^-''-") ||L(")(X,(^))|lGO(«^,y) rf.) 



for aU t G (0,00), V3 G G\{Jip,V), 8 G [7,00) n (p - l,oo), q G [2, 00) and aU p G [7,min(a + + \)). 
Inequality (|55|) and Lemma |3] then complete the proof of Theorem [S] □ 



Below we illustrate Theorem [5] through some consequences. To do so, we need the following elementary 
lemma for probability measures on separable Hilbert spaces. 

Lemma 6 (An embedding for probability measures). Let {H, ||-||^ , (•, •)^) and (V, ||-||y , (•, ■)y) be separable 
real Hilbert spaces with V ^ {0} and let pi, p2- B{H) — > [0, 1] be two probability measures with ^{x) pi{dx) = 
^ ^ Lp(x) p2{dx) for all infinitely often Frechet differ entiable functions ip: H ^ V with compact support. Then 
Ml = M2- 
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Proof of Lemma\^ First of all, we denote throughout this proof for every x € H and every r G (0,oo) by 
Br{x) := {y ^ H : \\x — y\\fj- < r} the ball in if on cc with radius r. Next let vq ^ V he a, vector which satisfies 
Ijwoll y = 1- Such a vector does indeed since we assumed that V ^ {0}. Furthermore, let ^/ifc : M — >• [0, 1], k gN, 
be a sequence of infinitely often differentiable functions with tpk {x) = 1 for all a; e [— 1 , 1] and all fc € N and 
with t/jkix) = for all x S (-oo, -1 - ■^) U (1 + ^, oo) and aU fc € N. Moreover, let N e N, let xi, . . . , xn € H 
and let ri, . . . , rjv G (0, oo). In the next step we define a sequence ipk-H^V,k£N,oi functions by 



JV 

ipkix) := vo ■ 



1\ 

(86) 



for all X E H and all k E N. Note for every k E N that (pk is infinitely often Frechet differentiable with a 
compact support. Therefore, we obtain 



(pk{x) fj.i{dx) ^ / ipk{x) fi2{dx) (87) 

H J H 

for all fc e N. In the next step observe that ipk{x) = wq for all x E ^n=i-^r„{'"n) and all fc G N, that 
suPfceNSup^g^ ||.^fc(x)||^ < 1 and that 

\0 ■.XEH\{f^^^,BrMn)) ^ ' 

for all X E H . Combining this and ([57)) with Lebesgue's theorem on dominated convergence then proves that 
Mi( Br„{xn)) — l^2{ f^n=i -^i-„ (s-'n )) ■ Combining this, the fact that the set 

UAfGN {r\'^=iBs^{ym) C H: si,...,SM E (0,oo),2/i,...,j/M E H) (89) 

is a n-stable generator of the Borel sigma-algebra B{H) and the uniqueness theorem for measures (see, e.g.. 
Lemma 1.42 in Klenke [55]) then completes the proof of Lemma O □ 

Let us now illustrate Theorem[5|by a simple application. First, we denote by G'^{H^,M.)' L{G'^{H^,K),'R) 
and gl^^{H^,^)' := L{gfg{H^,R),R) for t E {0,oo) the topological dual spaces of Gg(7J^,K) and gfg{H^,R) 
for t E (0,oo) respectively. Moreover, we denote by M.2[H^) the set of all probability measures fx: B{H^) — >■ 
[0,1] which satisfy W^Wh^ n{dx) < oo and we consider the mapping X: M.2{H^) Gq{H^,R)' given by 
(I/i)((p) = tp{x) nidx) for all (p E G'§(iJ-,,M) and all fi E M2{Hf)- Lemma[n]then proves that I is injective 
and through X we can thus identify the probability measures M.2{H~f) with finite second moment as a subset 
of linear forms in G'^{H^,R)' . Next note that Proposition [3| proves that the probability measure Pxt of the 
solution process of the SPDE (j47p at every time t E (0,T] has a finite second moment and is thus in M.2{H-y)- 
Hence, the linear form I(Pxt) — {■)dVxt G GQ{H~f,R)' corresponding to the probability measure fxt of 
the solution of the SPDE ([47|) at time t E (0,T] is in Gl{H^,V)' . In addition, observe that Theorem [2 in 
particular, implies that [■)df'xt G Qto{Hl^'^)' for all t E (0,T]. Moreover, note that Lemma [S] implies 
that gl'^{H^,V)' C Gl{H^,V)' continuously for all t E (0,oo). Theorem [D thus proves for every t E {Q,T] 
that I{¥xt) = {■)d^Xt does not only lie in Gq{Hj,VY but also in the smaller space gf'Q{H^,Vy too. In 
this sense Theorem [2] proves more regularity of the probability measures IPxt, t E {0,T], of the solution of the 
SPDE ([47)1 . It thus establishes "weak regularity" for the solution of the SPDE ([47)1 . In the remainder of this 
subsection some further consequences of Theorem [^ are derived. 

Corollary 5. Assume that the setting in Section \3.1\ is fulfilled, assume a < assume /3 < j, let p E 
[7, min(a+ 1, /3 + ■^)) be a real number, let {H, {■,■) be a separable R-Hilbert space, let R, R E L{Hp, H), 

let p E C£jp(-ff; V) and let tp: Hp H be given by ^pi^) — p{Rx) — p{Rx) for all x E Hp. Then 



\\Pti4')\\G0{Hs,V) 

< maxfl, ||F||gO(^^_^^), \\B\\Io,h^,hs{Uo,h,})) max 1, sup 

V se(o,t) 



^max(p-(5,0) ijp^ 



max(t, 1) - 

WWcl^^iHy) ^max(r+p-5,0) ^ ^\\l{H,+,.,H} 



[l+ll^llL(H„i?) + PllL(H,,if)]' (1 + ^ 



sup sup s--(-^o)|le-4^|U(^,^„) 

Me[p-<5,1]U[0,1] sG(0,t] ^ 
(1 - s)'"'"(*'-''^0) ^[mi„(a-p,2/3-2p)-r] A ^ ^ 



s\\L{GO{H„V),G°{Hs,V))\ j 

3 (90) 
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for all t G (0, oo), q G [3, oo), 5 G [7, 00) and all r G [0, min(l + a — p, 1 + 2/3 — 2p)). In particular, we have 



sup 



^ SXip sup III £~t|| / 110112 Allll 

(H,,V)\{0}SeL{H,)te{0,T] \ - S\\l{H,+,.M,} (1 + \\S\\^H,)) \Mcl^^{H„v) ^ 



< 00 (91) 



for all 5 G [7, 00) and all r G [0, min(l + a — p, 1 + 2/? — 2p)). 



Proof of Corollary\5\ Throughout this the proof the real numbers Krt G [l,oo), r G [0,cxi), t G (0, 00), defined 

by 

t sup sup [s'»a'<(«.o)|| 



< 00 



(92) 



for all r G [0,oo) are used. The quantities k^,*, r G [0,oo), t G (0,oo), are indeed finite since e'^*, i G [0, 00), is 
an analytic semigroup. The estimate 



, ,, ^ imin(a — b,0) 

le ||L(//„,_f/6) = lie ||L(//,_fi-,,_„)) < Kmax(a-b,0),t I 



for all t G (0, 00) and all a, G K with 5 — a < 1 then shows 



and 



^min((5 — r,0) 



< sup 

xeH, 



,(9-1) 



sup 

xeH„ 



\if'{Re^'x){R-R)e^'hiH^ 



.V) 



^ \\^"\\l--{H,L(^){H,V)) \\R\\LiH^,H) 11^ - ^\\l{H^,H) II II II 6^* |1 L(Hp,H^ 



<(Ko,t)"t<°-'-' 



+ \\'P'\\L^{H,LiH,V))\\^- ^\\LiH^,H) 11^ 'llL(ff„,ff.) 



and 



< sup sup 



|((^"(i?e^*x) - (^"(i?e'4*a;))(i?e^*f,i?e'4*w)| 



(1 + ll^lkp) 



(9-2) 



^"(i?e^*a;)((i? - i?)e-4*w, ii-e^*" 



sup sup 

||«||„^=||u;||jj^=l 



+ sup sup 

2:effp ll''l|ff^=ll«'l|ff^=l 



:i+ikii^j^'"'^ 

|^"(^e^*x)(Ee^*w, (i? - R)e^'w) j,^ 



(l + blkj 



(9-2) 



< 



sup 

x,y£H 



ll^lli(//„H) P--^l 



L(H,.M) lle^*llL(//^,Hp) l|e'^*||L(Hp,ff, 



<(KO,t)'t<'''-''-'-' 

,^t|| \\„At\ 



(93) 



(94) 



(95) 



(96) 



+ ll'^"llL-(H,L(2)(H,y)) ll^llL(ffp,H) + \\^\\l(H„H) \\R - ^\\l(H^,H) h^^WhiH^Mp) II 6^' II ^(^3 



<(Ko,t)"t("f'-''--) 
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for all q € [3, oo), t G (0, T], (5 G [7, 00) and all r e [p, min(l + a, 1 + 2/3 - p)). Combining (l94])-(|96l) implies 



. j^^min(5-.,o) + ^* - max(s("-'-), s^^'^-^-'^)) ds^ 

^ Mcl^^iHy) 11^ - ^hiH^.H) Knax(5-.,0),t]' [l + ll^llL(if„H) + Pll L(//,,iJ)] ' niax(l, t'^^"''-!) 

/ " /.I X (97) 

I ^min((5-r.O) _|_ ^[inin((5-p,0)+inin(Q,2^-p) + l-r] / ^-|^ _ ^■jmm((5-p,0) ^min(Q-r,2^;-p-r) j 



• t 



min((5 — 



(5-r,0) ^1 + y (1 - s)™"'-''^''''^'' gmin(Q-r,2^;-p-r) 



for all t S (0,T], q e [3,oo), 5 S [7,00) and all r G [p, min(l + a,l + 2/3 — p)). Next observe that Theorem[2] 
implies that 



\\PM)\\G«{H,y) < max^l, \\F\\go(^h„Hc)^ \\B\\g»(h,. 



HSiUo.Hfs)) 



max 1, sup 

V se{o,t) 



^max(p-.,0)|jp^|j^^ ^^^^^^^ 1 .||^|,^,P 



(98) 

t,q-2 



for all t e (0,r], q G [3, 00) and all (5 G [7,00). Combining ([92l) and ^ then shows ([90l). Inequality ^ 
implies (|?T|) . This completes the proof of Corollary [SJ □ 

In the remainder of this subsection, Corollary [S] is illustrated by three simple consequences (Corollary |51 
Corollary [7] and Corollary (S]). Corollary [5] follows immediately from inequality (|91l) in Corollary [5] and its proof 
is therefore omitted. 

Corollary 6 (Spatial weak semigroup regularity). Assume that the setting in Section \3.1\ is fulfilled and assume 
a < 7 and /? < 7. Then 

sup sup sup — j- — j- < 00 (99) 

vecl,p{H,,v)\{o}te{o.T]he{o.T]\ Ml cl^^(H,y) J 

for all 6 G [7, 00), r G [0, 1 + a — p) n [0, 1 + 2/3 — 2p) and all p E [7, a + 1) H [7, /? + i). In particular, if the real 
number p G [2,cxd) in Assumption^ satisfies p>3, then 

f t^\\E[^ie^'^X,)] -EyiXt)]\\y \ 
sup sup sup — - — < 00 (100) 

vecLp(/f-,,v)\{o}te[o.T]/ie(o,T] \ n'- \mcl,^{H^,v) J 

for a/Z r G [0, 1 + a - 7) n [0, 1 + 2/3-27). 

Corollary 7 (Temporal weak regularity). Assume that the setting in Section \3.1\ is fulfilled and assume a < 7 
and /3 < 7. Then 

sup r. —r;: < 00 (101) 

tl,t2e(0,Tl \ |E2 - III I 

tl<t2 

for all S G [7, 00), r G [0, 1 + a — p) H [0, 1 + 2/3 — 2p) and all p G [7, a + 1) H [7, /3 + i). In particular, if the real 
number p G [2, 00) in Assumption^ satisfies p > 3, then 

sup sup p— t — nr~\\ — < °° (^02) 

'pech^{H.,,v}\{o}tiJ2e[o,T]\ 1^2 - tiT ||¥'||ci,^(ff-,,v) / 

tl#*2 

/or a?/ r G [0, 1 + a - 7) n [0, 1 + 2/3 - 27). 
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Proof of Corollary^ First, define real numbers Cp^s.r G [0, oo), r G [0, 1 + a — p) n [0, 1 + 2/3 — 2p), 5 € [7, 00), 
p e [7, a + 1) n [7, /3 + i), through 



Cp,5,r sup sup sup 

'p6cLp(Hp,v)\{0} te(o,T] he(o,T] 



/l-ll^ll 



< 00 



(103) 



for aU r e [0, 1 + a - p) n [0, 1 + 2/3- 2p), S E [7, 00) and aU pE [7, a + 1) n [7, + 5). CoroUaryElshows that 
these real numbers are indeed finite. In the next step we combine (I70p and the definition of Cp^s.r S [0, 00) to 
obtain that 



|t2-ii|'- 



< 



\t2-h\' 



x{p-S+rfi) \\(p T (0) 



< Cp,5,r [1 + \\x\\hs? M\cl^^{H,.y) + (1 + 

< Cp,5,r [1 + \\x\\H,f \Mcl^ {H,.y) 



\t2-h\ 



1*2 - ti|min(l+"-P.l+2/3-2p) 



(104) 



+ (1 + T) 



sup sup ( s 

tG(0,T] se(0,t) 



max(p— (5,0) |^ ^^|max(p— Q,2p— 2^) 



mL^fl^){x)\\v 



for aU ii, *2 e (0, T] with ti < ts, 2: G r G [0, 1 + a - p) n [0, 1 + 2/3 - 2p), 5 G [7, 00), (p G Clip(Hp, V) and 
all p G [7, a + 1) n [7, /3 + ^). Furthermore, observe that Lemma H] shows that 



sup 

s6(0,t) 



inax(p— (5,0) 



^s(4°^.(¥'))llG0(//.,y) 



< sup 

sG(0,t) 



,max(p-(5,0)|| p II „ „ „\max(p-a,2p-2^) , , ^ (0) / n n 1 1 

' ll^s||L(GO(//p,V),GO(ffa,V)) - II ■'^t-s(¥'jj II G0(H5,y) 



< 



max(p-(5,0) | 



sup S ''''''\\Ps\\L{G°{Hp,V),G"iHs,V)) 
se(0,t) 



sup s 

sG(0,t) 



< 



^x(||i^|jG;(ifp,if„)> ll-S||Gf'(i/p,HS(;7o,Hf,))) 
"^"'^'''-"''''-'^'(ll(^.'^)'llGO(/f,,L(//„,y)) + ll(^.'^)''llG;(//p,L(^)(//,.y))) 

i-^iW F\\G°iH p. Hc)^ \\B\\G°iH,,HS{Uo,Hp))) 



sup ."^^'^(''-^'°)||P.|L(GO(ff,,y),GO(ff„y)) 

se(o,T] 



max 1, sup We^'W^H) 

sup ,n-(P-.2p-2^) (||e^^|l^(^^^^^) y'ly^iH^MH^.V)) + W^'^lliH^H,) ll'/'"llG;(/fp,L<^)(«,.y)) 

5e(o,T] 



(105) 



< 



sup s--(''-^'°Ml^s||L(Ge(H„y),Ge(ff.,y)) 
se(o,T] 



''^{WFWGliH.Mc)^ \\B\\G°(H„HS{Uo,Hfi})) 

max 1, sup ||e'^"|||(^) (\\^'\\g°{h,MHp,v)) + y''\\G'l{H,.L(^)iH,y))) 

\ sG[o,T] y ^ ^ 

max(p-a,2p-2/3) /n Asii n As||2 \ 

sup s ' P^max(||e \\L(H^.H,)A\e llL(ff^.ffp)j 

se(o,T] 

for aU t G (0,r], 5 G [7,00), ip G Gj{Hp,V) and aU p G [7, a + 1) n [7, /? + i). Combining ([TUI)) and pUS)) 
completes the proof of Corollary [T] □ 
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Corollary 8 (Galerkin approximations). Assume that the setting in Section \3.1\ is fulfilled, assume a < 7 and 
/3 < 7, let p G [7, a + 1) n [7, /3 + i) and S G [7, 00) be real numbers and let Pjv G L{Hp), N G N, be a sequence 
of bounded linear operators with supj^gN ll-fVllL(ffp) < 00. Then 

Amax(p-^+..0)||p^(^)„p^(^(p^(.)))|j \ 

sup sup sup — — — 2 < 00 (106) 

vec£,p(Hp,y)\{o}JveNte(o,T] \ IM - ^n\\l(h,^^,h,) \mcl,^iH,.y) J 

for all r € [0, 1 + a — p) H [0, 1 + 2/3 — 2p). In particular, if (A„)„eN C (0, 00) is a non- decreasing sequence of 
real numbers, i/(e„)„gi!} CZ H is an orthonormal basis of H with D{A) — {v G H : X^i^i I'^nPl i^n^v)^ p < 00} 
and Av = X^^^i (e,i,w)^e„ for all v e D{A), i/p = 7 = and p > 3 and if Pn{v) = I]n=i (en,w)/i^e„ /or 
allv eH, N e N, t/ien 

/^max(.-^,0)|,p^(^)„p^(^(p^(.)))|| X 

sup sup sup ^ II ^ < 00 (107) 

¥'6CLp(ff,V)\{0} WeNtG(0,T] \^ [^n) \M\cl.^^H,V) j 

and 

f t^ WE^jX,)] -E[cp{P^{Xt))]\\^ \ 
sup sup sup — — — — — - — — < 00 (108) 

<peCl,^{H,v)\{a}NeNte{a,T]\ [^n) WfWcl.^iH.v) J 

for all r e [0, 1 + a) n [0, 1 + 2P). 

Corollary |S] follows directly from Corollary [S] and its proof is therefore omitted. Corollary [5] is a certain 
spatial weak numerical approximation result for SPDEs. Further weak numerical approximation results for 
SPDEs can be found in |43i [23 [3l El [73l [Ml IMl IMl [II ES] . 



3.2.4 Stochastic Taylor expansions for solutions of SPDEs 

A further application of the mild Ito formula (|5^ is the derivation of stochastic Taylor expansions for solutions 
of stochastic partial differential equations. In Kloeden & Platen [55] stochastic Taylor expansions are derived 
for solutions of finite dimensional stochastic ordinary differential equations by an iterated application of the 
standard Ito formula. Clearly, this strategy can not be accomplished in the infinite dimensional SPDE setting 
since the standard Ito formula can, in general, not be applied to the solution process of an SPDE. However, 
by using the mild Ito formula (|53l) instead of the standard Ito formula, this approach can be generalized to 
solutions of SPDEs in a straightforward way. The main difference to the finite dimensional setting in Kloeden 
& Platen [59] is that the linear operators Lf \ t € (0,T], and L^^ \ t G (0,r], in ([55]) and ([52]) here depend 
explicitly on the time variable t G (0,T] too (compare ([55]) and ([57]) here with (1.13) and (1.14) in Chapter 5 
in [Sn]; see also Theorem [3] and Theorem [?] below for more details). Similar and related stochastic Taylor 
expansions for SPDEs can be found in Buckdahn & Ma [TT], Bayer & Teichmann J, Conus [T5], Jentzen & 
Kloeden [Ml, Buckdahn, Bulla & Ma [T^ and Jentzen [15] . 

For formulating the stochastic Taylor expansions below some notations are introduced (see also Chapter 5 in 
[59] ). By M {0}U(U^]^{0, 1}") the set of multi-indices is denoted. Moreover, define two functions |-| : — > 
{0,1,2,...} and -(•): A^\{0} M hy |0| := 0, by |(ai, Q!2, . . . , a„)| := n and by -(ai, a2, ■ • ■ , ««) := 
(a2, Q;3, . . . , a„) for all ai, a2, . . . , a„ G {0, 1} and all n G N. Thus note that \a\ > 1 and ai, . . . , Q:|a| G {0, 1} 
for all a G ^\{0}. Furthermore, a finite nonempty subset ^ C of is called hierarchical set if —a G A for 
all a G .4\{0}. Next define a function E: V{M) V[M) by M(A) {a G M\A: - a G ^1} for aU AdM. 
Finally, let : [0,T] R be a function and let (VF/)te[o,T] be a cyhndrical Q- Wiener process defined by 
W^{t) := t and := Wt for all t G [0,T]. Using this notation the mild Ito formula ([55]) can be written as 

^(X,) = ^(e-4(*-*«)X,J + ^ f\Lfl^^^){X^)dW: (109) 

P-a.s. for all to,t G [0,T] with to < t and all tp G C^{H~^,V). Moreover, for two normed R-vector spaces and 
nG {0,1,2,...} we define C]^iV,,V2) {if G C^iVuV^): M (VuV,) + El=i llL~(y„L(^)(y„y.)) < 00}, 
Cb{Vi,V2) := Cft°(Vi, 1/2) and C^{Vi,V2) := r\keNC^{Vi,V2). We are now ready to present the stochastic Taylor 
expansions based on the mild Ito formula (|109p . 
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Theorem 3 (Strong stochastic Taylor expansions). Assume that the setting in Section \3.1\ is fulfilled, assume 
F e C^{H^,Ha), assume B £ C^{H^,HS{Uo, Hp)) and let ip e C^{H^, V). Then 

^{Xt) = ^(e^(*-*")X,„) (110) 

\ (S2-Sl) (S|„i-S|„|_i) (t-S|„|)^yV Si S2 "lal 

„ /t In In tn 



E 



V (S2~si) (s|c,|~S|c|-l) (t-S|c|)i^yV Si; Si S2 



.dw: 



for all to, t G [0, T] with U) <t and all hierarchical sets A d M. 

Proof of Theorem\^ Theorem [3] immediately follows from an iterated application of the mild Ito formula (jl09p . 

□ 

The term ip{^e^'^*'~^°' Xt^) + '^aeA • ■ • ' ^ ^ [^0,^], on the left hand side of (|110p is referred as strong 
stochastic Taylor approximation (or truncated strong stochastic Taylor expansion) of ip{Xt), t e [to,T], corre- 
sponding to the hierarchical set ^ C for € [Oj?^]- The expression J2aeK{A) ■ • ■ ' ^ ^ [to,T], on the left 
hand side of (IllOp is called remainder term of the strong stochastic Taylor expansions of ip{Xt), t E [to,T], 
corresponding to the hierarchical set A C A4 for io G [0, 2^]- Next observe that, in the case H = 'R'^ with d G N 
and A = 0, Theorem |3] essentially reduces to Theorem 5.5.1 in Kloeden & Platen ^9\. Let us also add the 
following remark on possible generalizations of Theorem [3] 

Remark 2. The assumption in Theorem that F, B and if are infinitely often Frechet differentiable can be 
relaxed. To be more precise, to obtain (jllOp for a given hierarchical set A d M, it is sufficient to assume 
that F e CbiHj,Ha) is maxQgB(.A),ai=o min {2fc - 2 - Y.i=i (^i- ^ ^ {1, • • ■ , "fe+i = ... = a\a\ = l}" 
times, that B € C'b{H^, H S(Uo, H/^)) is maxQgB(_4) (2|q!| — 2 — ^ oti) -times and that Lp g Ch{H^,V) is 

maxQ,gB(_4')(2|a| — Oii)-times continuously Frechet differentiable with globally bounded Frechet derivatives. 

Moreover, the boundedness assumptions on F, B and Lp and its derivatives can be reduced if p € [2, oo) in 
Assumption^is assumed to be sufficiently large. 

In the next step Theorem [3] is illustrated with two possible examples. First, in the case of the hierarchical 
set A = {0}, equation (jllOp reduces to (|109p . i.e., we have 

^(X,)= ^(e-^(*-*°)X,J +^2 [\L^(]'-s)^){Xs)dW: (111) 

strong stochastic Taylor ^ ^ > 

approximation corresponding lomaindor term corresponding 
to the hierarchical set ^={0} ^j^^ hierarchical set ^={0} 

P-a.s. for all to,t e [0,T] with to < t and all tp G Cj^{Hj,V). Second, in the case of the hierarchical set 
A = {0, (1)}, equation (|110p simplifies to 

ip{Xt) = (p(e^(*-*«)XtJ + f ^'(e^(*-*«)XtJ e^(*-^)i3(e^(^-*°)XtJ dW^ 

J to 



strong stochastic Taylor approximation corresponding to ^—{0,(1)} 

{Lf,l^^^){Xs)ds+ f f (LgL„)iStL)^)(^n)dudW^. (112) 

J to J to 

{Lfl^)LfL)V){Xu)dW^dWs 



remainder term corresponding to ^—{0,(1)} 

P-a.s. for all to,t E [0,T] with to < t and all (p E C^{H^,V). After having presented strong stochastic Taylor 
expansions in Theorem [31 we now formula the corresponding weak stochastic Taylor expansions based on the 
mild Ito formula ([TUg)) . 
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Theorem 4 (Weak stochastic Taylor expansions). Assume that the setting in Section \3A\ is fulfilled, let n €N, 
assume F € C^^""^' (ff^, iJ^), assume B € &^''~^\h^,HS{Uq, Hp)) and let ip G Cl'^{H^,V). Then 



fc=l -"^0 ^10 



/ / TI7 


/to ■/ to 








... 1 E 




J to 



dsi ds2 . . . dsk 



\ (S2— Si) (s„— s„_i) (t — s„)r;v siy 



(0) 



(0) 



dsi dS2 ■ . ■ dsr, 



(113) 



for all to, t e [0, T] with to < t. 



Proof of Theorem Equation (|113l) immediately follows by taking expectations on both sides of equation (jllOp 



with the hierarchical set A — {a £ A4 : \a\ < n, X]'='i o;* = 0}- 



□ 



Using definition (|69p . the weak stochastic Taylor expansions in Theorem|3]can also be written in the following 
form. 

Corollary 9. Assume that the setting in Section \3.1\ is fulfilled, let rt G N, assume F G C^'^" '^\h^, Ha), 
assume B e cf ""^^(i/^, ^^^(C/o, -ff/j)) and let Lp € Cf'iH^,V). Then 



{Ptv){x) ^ {Ktp^){x) 



fe=i 

nt ns 



Jo 



'Q JO 

for all X e H^ and all t G [0, oo). 



{Ps, l[2-s,) ■ ■ ■ i("!.-.„_i) i(f-s„) V) i^) dsi ds2... dsn 



3.2.5 Further mild Ito formulas for solutions of SPDEs 

This subsection presents two slightly different variants ( Corollary [TOl and Proposition |4|) of the mild Ito formula 
in Corollary [5] Both variants assume that the test function ip in Corollary [5] fulfills additional regularity. The 
first variant (see Corollary [TU] below) is a direct consequence of Corollary [21 

Corollary 10 (Another - somehow mild - Ito type formula for solutions of SPDEs). Assume that the setting 
in Section \3.1\ is fulfilled. Then 



= 1 



(115) 



and 



ifiiXt) = ^{Xt,) + / (p'((/ + e^(*-*")-e-4(*-^))Xt„)Ae-4(*-^)Xi„ds 

"'to 

+ f (^'(e^(*-^)X,)e^(*-'')F(X,)ds+ / ip'{e'^^'-''^Xs)e'^^'-'^B{Xs)dWs 

J to J to 

+ ^ E /* ^"(e^^*-^'^s)(e^(*-^)i?(X,)g,, e^('-)B(X,)g,) ds 



(116) 



V-a.s. for all to,t G [0,T] with to <t, (p e C'^{Hr,V) and all r G (-00,7). 

Proof of Corollary \1(A Let r G (—00,7) be a fixed real number and define a family X*",* ; \to,t] x — > Hr, 
{to,t) G Z, of adapted stochastic processes with continuous sample paths by 



X*y := Xto + Ae'^^'-''>Xto ds = Xto + e^^^*-") (e'^i^-'o) „ 



Xt, 



(117) 



26 



for all u £ [tQ,t\ and all t^^t E [0,T] with to < t. The fundamental theorem of calculus then implies 



'to 

Jto 



(118) 



for all to,t E [0,T] with to < t and all (p E C'^{Hr,V). Combining (|118p and Corollary [TUl then completes the 
proof of Corollary [21 □ 

Observe that equations (|50l) - ([5^ and equation (jllSp ensure that all deterministic and stochastic integrals 
in (|116p are well defined. 

Proposition 4 (A further - somehow mild - Ito type formula for solutions of SPDEs). Assume that the setting 
in Section \S.1\ is fulfilled. Then 



\ip'{Xt,+e^^'-^\X,-Xt„))\\ ||Ae^(*-^)XtJ^ < oo 



F{Xs)\\^ ds < oo 



1, 



= 1, 



to 



HSiUo.V) 



ds < OO 



to 



< oo 



= 1 



(119) 

(120) 
(121) 
(122) 



and 



ifiXt) = p{Xt,) + / if'{Xt, + e^(*-^)(X, - X,J) [Ae^(*-^)X,„ + e^^'-'^ F{X,)\ ds 

Jto 

+ / p'{Xt,+e^^'-'Hx,~Xt,))e^'^'-''>B{X,)dWs 

Jto 

+ \Y.[ ^"(^*o + e^^'-^\X, - X,„)) (e^(*-)S(X.)g,, e^('-)S(X.)5,) ds 



(123) 



P-a.s. /or all to,t E [0,T] wit/i to <t, ip E C^{Hr,V) and all r E (-00,7). 

Proof of Proposition^ First, observe that the well known identity e^^v = v + Ae^^v ds for all v E Hj and 
alH e [0, 00) shows 



Xt — Xt„ 



to 



Ae^^'"^Xt,+e^'^'-'^F{Xs)\ds+ / e^'^*-'^ B{X,) dW, 



(124) 



to 



P-a.s. for all to,t E [0,T] with to < t. In the next step let r E {—oo,j) be a fixed real number and let 
[toji] X — > Hr, {to,t) E Z, be a family of adapted stochastic processes with continuous sample paths 
given by 



vto,t V 



Ae^^'-''^Xt^+e^^'-''^F{Xs) 



ds 



B{Xs)dWs 



= Xt, + e^(*-*")Xt„ - e-^^'-^^Xt, + / e^^'-'^FiX,) ds + / e^'-'-'^ B{X,) dW, 



(125) 



P-a.s. for all u E [to, t] and all to, t E [0, T] with to < t (see also (|35p above). The standard Ito formula in infinite 
dimensions (see Theorem 2.4 in Brzezniak, Van Neerven, Veraar & Weis [S]) then gives 

ds 



(126) 



p{Xy) = p{Xlf ) + / ^'(X*-*) Ae^(*-^) Xt, + e^(*-^)^(X,) 

Jto 

+ r ip'{Xl<>'')e^^'-'^B{Xs)dWs 

Jto 

+ I E f^"iXr) (e^(*-)i?(X,).g„e^(*-)i?(X,).g,) 
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-a.s. for all u G [ioi^li ^0,^ G [0,?^] with to < t and all tf E C'^{Hr,V). This, in particular, shows 



+ / ^'iXl°'')e'^'^'"^B{X,)dWs 



ds 



T J to 



-a.s. for all toj^ G [0>2^] with to < t and all G C'^{Hr,V) (see also ([55)) above). Putting the identity 



X*-* = Xt„ + 


/" 


A 




Jta 




= Xto + 




-s) 










-'J 


r 






to 



to 



to 



ds 



+ e^(*-^) / e^(^-"'i3(X0 dWu - Xt„ + e^^*"^' (X, ~ X* J 



(127) 



(128) 



P-a.s. for all s G ^o,T\ and all to,t G [0,T] with to < t (see also ^ above) into ([T?f)) finally shows p^ . The 
proof of Proposition [3] is thus completed. □ 

Note that equations (|119p - (|122l) imply that all deterministic and stochastic integrals in p23l) are well defined. 
Finally, observe that the Ito type formulas in Corollary [TU] and Proposition H] can be generalized to the more 
general case of mild Ito processes (or mild semimartingales, cf. Remark [1} if additional assumptions on the 
semigroup are fulfilled. 



3.3 Numerical approximations processes for SPDEs 

This subsection demonstrates how different types of numerical approximation processes for SPDEs can be 
formulated as mild Ito processes. To this end the following notation is used. Let [-J at: [0,T] — [0,T], N G N, 
be a sequence of mappings given by 

[t\N :=max(se {0,^,2T,...,i^^^,r} : s < t) (129) 

for all t € [0, T] and all N e N. Both Euler (see Subsection 13.3. ip and Milstein (see Subsection 13.3. 2p type 
approximations for SPDEs are formulated as mild Ito processes. We begin with Euler type approximations for 
SPDEs in Subsection 13X11 



3.3.1 Euler type approximations for SPDEs 

It is illustrated here how exponential Euler approximations, accelerated exponential Euler approximations, 
linear implicit Euler approximations and linear implicit Crank-Nicolson approximations can be formulated as 
mild Ito processes. 



Exponential Euler approximations for SPDEs Let Y" : [0,T] x — > H^, e N, be a sequence of 
predictable stochastic processes given by 



" " t " (130) 



P-a.s. for all t G [0, T] and aU N Observe that for each iV e N the stochastic process Y^ : [0, T] x f7 ^ 
is a mild Ito process with semigroup e^'-^^~*^^ G L{H^^ii^(^aj3.-y) i H-y) , (^1,^2) G Z, with mild drift 

eMt-ltMF{Y{^^J, tG[0,r], (131) 

and with mild diffusion 

e^(^-l^MB{Y^^^J, iG[0,T]. (132) 
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Proposition [T] hence shows 



yN ^ ^Ait-to) yN + / gA(t-UJ„) F{Y{^^J ds + / e^(*-L^J») ^(n^J„) dWs (133) 

J to J to 

-a.s. for ah to,t E [0,T] with to < t and from (|133p we conclude 

. (n + l)T (n + l)T 



(134) 



N « J iiT N J nH ™ 

JV JV 

( (n + i)r \ 

P-a.s. for ah n e {0, 1, . . . , - 1} and ah N e N. The mild Ito processes , N e N, are thus nothing- 
else but appropriate time continuous interpolations of exponential Euler approximations (a.k.a. splitting-up 
approximations or exponential integrator approximations; see, e.g., [371 1741 [T71 177| and the references therein). 
Note that the mild drift (jl3ip and the mild diffusion (jl32p of the exponential Euler approximations (jl34p contain 
the correction term e'*'^*~LtJiv)^ f g [0,T], when compared to the mild drift (|48| and the mild diffusion (|49t of 
the exact solution of the SPDE (|Tf)) . 

Accelerated exponential Euler approximations for SPDEs This paragraph demonstrates that acceler- 
ated exponential Euler approximations can be written as mild Ito processes. Let Y^ : [0, T] x 51 — > H^, N G N, 
be a sequence of predictable stochastic processes given by 



= e^* e + /* F{Y{^^J ds + f e^'^^) B{Y^,^^) dW. 

JQ JO 



(135) 



P-a.s. for ah t S [0, T] and aU iV e N. Note that for each iV e N the stochastic process Y^ : [0, T] x 17 ^ is 
a mild Ito process with semigroup e'^^*^^*^' G L{H^i^(^a,p,'y), H^), {ti,t2) & Z, with mild drift 



F{Y{^^^), te[0,T], (136) 



and with mild diffusion 



B{Y^%J, t€[0,T]. (137) 

Proposition [T] therefore gives 



to 



Yt"" = e^(*-*«) Yt^ + e^(-^) F{y{:^^) ds + / e^(*-) B{y{^^J dW. (138) 
P-a.s. for all to,t £ [0, T] with to < t and this implies 

= e^^ + f /" e^^ ds 1 F(f„^0 + e^(^^-^) B(Y^^) dW, (139) 

" \Jo J ^ « ' Ji^ ' « ' 

P-a.s. for all n G {0, 1, . . . , — 1} and all N £ N. In particular, in the case of additive noise, i.e., B{v) = B{0) 
for all V £ Hj, equation (|139p reduces to 

Y^^=e^^Y^+ile^'ds]F{Y^)+ " e^i^^-') B{0) dWs (140) 



P-a.s. for ah n e {0, 1, . . . , A'^ - 1} and ah N e E. The mild Ito processes F^, iV € N, are thus nothing else 
but appropriate time continuous interpolations of the numerical approximations in 53 in the case of additive 
noise (see (3.3) in 53 ) and in |33] in the general case (see (21) and (50) in [49,). 

Note that the mild drift (I136P and the diffusion (|137p of the approximation processes (|135p do not contain 
the correction term e'^^'^LtJiv)^ ^ g [0, T], in mild drift (|13ip and the mild diffusion (|132p of the exponential Euler 
approximations (jl30p . The approximation processes (jl35p thus seem to be more close to the exact solution (|T7P 
than the exponential Euler approximations (jl30l) (compare the mild drifts (jl36p . (I13ip . (|48| and the mild 
diffusions (|137p . (I132p . (1491) ). Indeed, under suitable assumptions, it has been shown (see [53l [55| for details) 
that Y'^ , iV e N, converges to X significantly faster than y-^, N & N. This motivates to call approximations of 
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the form (jl39p and (jl40[) as accelerated exponential Euler approximations. The crucial point in the accelerated 
exponential Euler approximations is that they contain the stochastic integrals 

(,i + l)T 

e^(^^-') B(Y^^)dWs (141) 

for n G {0, 1, . . . , iV — 1} and A'' S N in the scheme instead of simply increments of driving noise process. 
This enables them to converge, under suitable assumptions, significantly faster to X than schemes using only 
increments of the driving noise process such as (|134p . In addition, in the case of additive noise, the stochastic 
integrals (jl41l) in (jl40p depends linearly on the cylindrical Wiener process Wt,tG [0, T] and are easy to simulate. 
Therefore, the accelerated exponential Euler approximations (|140l) can in the case of additive noise be simulated 
quite efficiently (see Section 3 in [S3] and, particularly, see Figure 2 in 55 for details). Further investigations 
and related results on approximation methods that make use of stochastic integrals of the form (I14ip can, e.g., 
be found in pi [5l [75l [7^ [28l [55l [50l [79l 11(18] . 

Linear implicit Euler approximations for SPDEs Next it is shown that linear implicit Euler approxi- 
mations can be formulated as mild Ito processes. For this we assume 77 = in the following in order to avoid 
trivial complications. Moreover, let : Z — )■ L{Hj), iV G N, be a sequence of mappings given by 

■■=[I-A {t, - LtiJ iv) )[I~A{t,- [t,\ „) ) (/ - ^A) (142) 

for all ti,t2 e [0,T] with ti < and all NeN. Moreover, let : [0,T] x Q ^ H-y, N e N, he a sequence of 
predictable stochastic processes given by 1q — ^ and 

Jo Jo 

= S^,ti+ r^i^a^-^l^- W"))"'^(n^jJ^^ (143) 
Jo 

Jo 

P-a.s. for all t e (0, T] and all N eN. Observe that for each N eN the stochastic process Y^ : [0,T]xQ^ 
is a mild Ito process with semigroup , with mild drift 

i(o,oo)(i- Wiv) (/-^(i- ^e[o,r], (144) 

and with mild diffusion 

l(o,oo)(i- W^)(^-^(^-Wiv))"'s(n^„), te[0,T]. (145) 
Proposition [1] therefore implies 

^ (/ - ^a)-' + ^ . FiY^) + B(Y^) dw}j (146) 

P-a.s. for all n G {0, 1, . . . , A'' — 1} and all iV G N. This shows that the stochastic processes Y^ , iV G N, are 
nothing else but appropriate time continuous interpolations of linear implicit Euler approximations (see, e.g., 
[SailllllllinnjIHllHIlElIIH] and the references therein) for the SPDE gT]). Note that the semigroups (fTi^ of 
the linear implicit Euler approximations (I143P depend explicitly on both variables ti and t2 with < < t2 < T 
instead of on the difference <2 — only although the semigroup e^*, t G [0,T], of the underlying SPDE (jTT)) 
depends on one variable only. 

Linear implicit Crank-Nicolson approximations for SPDEs Finally, in this paragraph it is demon- 
strated that linear implicit Crank-Nicolson approximations can be formulated as mild Ito processes too. As in 
the case of the linear implicit Euler approximations we assume 77 = in the following in order to avoid trivial 
complications. Let : Z — L{H^), A'' G N, be a sequence of mappings given by 

Sl^^ :^ (/ _ ^ (ii^) _ ^fe^)-^ _ (147) 
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for all ti,t2 e [0, T] with h < is and all TV S N. Moreover, let Y'^ : [0, T] x ^ iJ^, ^ N, be a sequence of 
predictable stochastic processes given by Yf^ — ^ and 



= S^A+ f S^,{l~Ai^^y\^AY{:^^+F{Y{^^^))ds (148) 



-a.s. for aU t € (0, T] and aU N eN. Observe for every N £N that the stochastic process Y^ : [0, T] x ^ H. 



1 



is a mild Ito process with semigroup 5^, with mild drift 

l(o,oo)(i- W^) {l-A^^^y (\AY{t^^+F{Y{t^^)),te%T], (149) 
and with mild diffusion 

l(o,oo)(i- Wiv) (/- A(^^)"'s(fL^J, i e [0,T]. (150) 

Proposition [T] hence gives 



('» + l)T 



y^ = (/-^A)-^(^(/ + ^A)f^ + §.^(f^) + /^" B(y^)dM..j (151) 

P-a.s. for all n e {0, 1, . . . , — 1} and all iV e N. This shows that the stochastic processes F^, iV g N, are 
nothing else but appropriate time continuous interpolations of linear implicit Crank-Nicolson approximations 
(see, e.g., [WllinHS] and the references therein) for the SPDE (1171) . 

3.3.2 Milstein type approximations for SPDEs 

The stochastic Taylor expansions in Subsection l3 . 2 .41 can be used to derive higher order numerical approximation 
methods for SPDEs. In the sequel this is illustrated for Milstein type approximations for SPDEs (see [MJ IBOl 
150117111551 1511^ 111171 15]). For these derivations we assume that the diffusion term B : — >• HS{Uo, Hp) is twice 
continuously Frechet difFerentiable with globally bounded derivatives and that /3 = 7. First note, in view of the 
mild Ito formula ([55]). that equation (|T7)) can also be written as 

Xt = e^('~'«^Xt„ + f (iS°l,)id) (X,) ds + f (£j,'l,)id) (X,) dW, (152) 

J to J to 



a.s. for all tQ,t ^ [0, with to < t where id — idn ■ — > H.y is the identity on H-y. Next the mild Ito 

(1) ■ 



formula ((58)) is applied to the test function (iS^^^xid) (.t) e H S{Ua, Hp), x G H-y, to obtain 



(153) 



{L[ll^id)iX,) 

= (^!'l.)id)(e^(^-*"^^t„) + r {Lfl^^L\ll^id){X^)du+ f {Lfl^^L^^_^^d){X^)dW^ 

J to J if) 

-a.s. for all tQ,s,t e [0,T] with to < s <t. Putting (1T5^ into (fT5^ then gives 
Xt = e^(*^*«)X,„ + f {L\^_^^id){Xs)ds + f (i« ^)id)(e^(^-*«)X*„) dWs 

Jto J to 

:Lfl^^L^il^id){X^)dudW. + f f {Lfl^^L^^_^.^id){X^)dWudWs (154) 

Jto Jto 

= e^(*-*«)Xt„ + f e^('-'^F{Xs)ds+ f e^^'-'^ B{e^^'~'«^ Xto) dWs 

Jto Jto 

+ / f {Lfl^^Lfl^^id){X^)dudW,+ I r e^^'-^^B'{e^^^'^^X^)e^^^-^^B{X^)dWudW, 

J to J to J to J to 
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P-a.s. for all to,t G [0,T] with to < t. The identity (jl54p corresponds to the strong stochastic Taylor ex- 
pansion in Theorem ini which is described by the hierarchical set A = {0,(1)}; see Subsection 13.2.41 for de- 
tails. Using the approximations e^^ ~ I and Xt^+h. ~ for small h e [0,T] and omitting the integral 
Ito -fto (-^(s-«)^(t-s)^'^) dudWs in (jl54l) then results in the approximation 

Xt^e^^'-'°^Xt„+ f e^^'~'^F(Xt„)ds+ f e''^'-'^B{Xt,)dW, 

J to J to 

r e^(*-^)B'(XtJ e^(^-")B(XtJ dWu dWs (155) 

to J to 

« e^(*-*»' (xto + F{Xto) ■{t-to)+ f B{Xto)dWs + f [ B' {Xt,) B{Xto) dW^ dW, 

\ J to Jto Jto 

for tQ,t G [0, T] with small t — tQ>0. The approximation (|155p can then be used to define exponential Milstein 
approximations for SPDEs (see equations (|156p and (|159p below for details). 

In the following it is demonstrated how different types of Milstein approximations for SPDEs can be formu- 
lated as mild Ito processes. To this end we assume in the remainder of this subsection that B : — >■ HS{Uo, Hp) 
in Assumption [3] is once continuously Frechct diffcrcntiable and that /3 = 7. 

Exponential Milstein approximations for SPDEs This paragraph formulates exponential Milstein ap- 
proximations as mild Ito processes. To be more precise, let : [0,T] x 57 — H^, iV e N, be a sequence of 
predictable stochastic processes given by 

t ft 



(156) 



"'0 

t 



\ UIjv / 



e 

^ y ji^^jj^ 



a.s. for ah t € [0,T] and ah iV G N. Note for every TV e N that the stochastic process Z^: [0,T] x n ^ 



is a mild Ito processes with semigroup e^^*^ G ^(-ffinin(Q,,3,7): -^"7): (^17^2) G Z, with mild drift 



e^(*-W«)j7(z^j^), [0,r], (157) 

and with mild diffusion 

e^^*-L*J«) (^i?(z;ijJ+i?'(z;^jj(^£^B(z;ijJdW-,)^ , [0,T]. (158) 
Proposition [T] hence yields 



/ (n + i)r 

75 \ ™ N ' J nT ^ N ' 



B'{Z':-r)[ / B IZ'^T dWu dW, 



(159) 



P-a.s. for all n e {0, 1, . . . , iV - 1} and aU N eN. The mild Ito processes Z^, N €N, are thus nothing else but 
appropriate time continuous interpolations of exponential Milstein approximations (see [8OI [56l \2\). 

Linear implicit Euler-Milstein approximations for SPDEs In this paragraph linear implicit Euler- 
Milstein approximations are formulated as mild Ito processes. Let Z^ : [0,T] x $7 — H^, iV G N, be a sequence 
of predictable stochastic processes given by Zq = ^ and 



Jo Jo 

+ r^w«.5'(^wj( r B{z{i,jdw?idw. 

Jo \J[s\n / 



(160) 
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P-a.s. for all t e (0,T] and all iV G N (see p42)) for the definition of the mappings : Z L{H^), N G N). 
Observe for every TV G N that the stochastic process Z'^ : [O.T] x il ^ Hj is a mild Ito process with semigroup 
5^, with mild drift 

i(o.oo)(t- WA^)^w«.t^(^w«)' ie[o,r], (161) 

and with mild diffusion 

l(o,oo)(i- lt\N) (^S(Z^j„) +S'(Z^j„)^*^ B{Z(l^^)dW,)l^ , t G [0,T]. (162) 

Proposition [T] hence gives 

Z^T+^- F{Z^r ) + I " B{Z^^^) dWs 

N TV ^ N ' „T ^ N ' 

N 



{n+l)T 



J^^" B' {Z^ ) B {Z^ ) dW^ dW, 



(163) 



P-a.s. for all n G {0, 1, . . . , iV - 1} and all iV G N. The mild Ito processes Z^, iV G N, are thus nothing else but 
appropriate time continuous interpolations of linear implicit Euler-Milstein approximations (see [60, 80, 2, [5]). 



Linear implicit Crank-Nicolson-Milstein Milstein approximations for SPDEs Finally, let Z^ : [0, T] x 

— >• i/^, G N, be a sequence of predictable stochastic processes given by Z^ — ^ and 



Zt 



N _ qN 



'° (164) 



+ / ^W«.^'(^wj(r B{Z«,,,^)dW^dW. 

JO \"'LsJjv / 



P-a.s. for all t G (0, T] and all G N (see (fT47)) for the definition the mappings S*^ : Z ^ L(i7^), iV G N) and 
note for each N E N that the stochastic process : [0, T] x ^ is a mild Ito processes with semigroup 
, with mild drift 

l(o,oo)(i- Wiv)^fIj„,,(iAyL^„+f^(n^j)- t^[0,n (165) 

and with mild diffusion 



(166) 



Proposition [T] therefore shows 



B(Z^)dWs+ [ " B'(Z^)( [ B(Z^)dWu]dWs] 

T N ' I nT N ' \ I nT N ' I I 

w — ^-^ — 'J 

P-a.s. for all 7i G {0, 1, . . . , - 1} and all G N. The mild Ito processes Z^ , A^ G N, are thus nothing else 
but appropriate time continuous interpolations of linear implicit Crank-Nicolson-Milstein approximations for 
SPDEs (see [80l[2]). 
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